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Kef�laio 0

Prìlogoc

H paroÔsa metaptuqiak  ergasÐa me jèma “To Polu¸numo J ones dÔo metablht¸n
kai ta An�loga autoÔ ston Stereì Tìro” apoteleÐtai apì trÐa kef�laia.

Gia thn parousÐash tou poluwnÔmou J ones 2-metablht¸n krÐnetai aparaÐthto na
gÐnei mia eisagwg  sthn JewrÐa Kìmbwn (efìson kai to polu¸numo J ones 2-metablht¸n
apoteleÐ mia analloÐwth kìmbwn). 'Etsi, sto Kef�laio 1 perigr�fontai k�poiec basikèc
ènnoiec thc JewrÐac Kìmbwn kai parousi�zetai stadiak� to anoiktì, mèqri s mera,
prìblhma thc taxinìmhshc twn kìmbwn.

Sto Kef�laio 2 arqik� ja dojeÐ o orismìc twn kotsÐdwn Artin tÔpou B kai thc
gewmetrik c ermhneÐac aut¸n, oi opoÐec sthn pragmatikìthta apoteloÔn tic kotsÐdec
pou zoun ston stereì tìro. Sto [Jon] tÐjetai to er¸thma an �llec �lgebrec Hecke
pou antistoiqoÔn se om�dec Artin, mporoÔn na qrhsimopoihjoÔn me ton Ðdio trìpo ìpwc
autèc tou tÔpouA. Sthn sunèqeia loipìn, dÐnontai oi orismoÐ twn algebr¸n Hecke tÔpou
B kai ìlec oi pijanèc genikeÔseic aut¸n, pou onom�zontai genikeumènec kai kuklotomikèc
�lgebrec Hecke tÔpou B. To kef�laio autì oloklhr¸netai me thn kataskeu  iqn¸n
Markov gia kajènan apì touc tÔpoucA kai B aut¸n twn algebr¸n kai me thn taxinìmis 
touc gia thn “apl ” perÐptwsh tÔpou B, bl. [Lam1, Gel, Lam2].

To trÐto kai teleutaÐo kef�laio èqei wc stìqo thn kataskeu  an�logwn tou poluwnÔ-
mou J ones dÔo metablht¸n ston Stereì Tìro. 'Etsi, arqik� analÔetai h topologÐa
twn kìmbwn mèsa ston tìro kai diatup¸nontai ta antÐstoiqa Jewr mata Alexander kai
Markov. To kef�laio oloklhr¸netai me thn kataskeu  analloÐwtwn gia kìmbouc mèsa
ston tìro gia ìlwn twn eid¸n tic �lgebrac Hecke tÔpou B, bl. [Lam2].
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6 KEF�ALAIO 0. PR�OLOGOS

Kat� thn melèth kai suggraf  thc paroÔsac metaptuqiak c ergasÐac,  tan shman-
tik  h sumpar�stash thc oikogènei�c mou kai gi autì euqarist¸ jerm� thn mhtèra mou
Eliss�bet kai ton adelfì mou Panagi¸th.



Kef�laio 1

To Polu¸numo Jones 2-metablht¸n

1.1 PerÐ Kìmbwn kai AnalloÐwtwn Kìmbwn

1.1.1 TopologÐa Kìmbwn sthn S3

MporoÔme na fantastoÔme ènan kìmbo san èna leptì kai mplegmèno skoinÐ tou opoÐou oi
�krec eÐnai enwmènec. Akìma kalÔtera eÐnai na jewr soume ìti eÐnai kataskeuasmènoc
apì l�stiqo kai ìqi apì skoinÐ. LeÐoc kìmboc onom�zetai h eikìna tou kÔklou sto IR3

k�tw apì mia apeÐrwc diaforÐsimh emfÔteush me mh mhdenik� diaforik�:

f(t) = (x(t), y(t), z(t)),

(
dx

dt
,
dy

dt
,
dz

dt

)
6= (0, 0, 0).

Ousiastik� kìmboc eÐnai k�je kleist  mh-autotemnìmenh kampÔlh tou EukleÐdiou q¸rou
IR3 kai krÐkoc eÐnai èna sÔnolo apì (leÐec) kleistèc mh autotemnìmenec kampÔlec tou IR3,
oi opoÐec mporeÐ na mplèkontai kai metaxÔ touc. Kat� p�sa pijanìthta sthn prosp�jei�
mac na fantastoÔme kapoion kìmbo   krÐko ton fantast kame stic treic diast�seic.
Autì eÐnai apolÔtwc fusiologikì apì thn stigm  pou h lèxh mplegmèno mac parapèmpei
autìmata stic treic diast�seic. 'Etsi mporoÔme na poÔme ìti oi kìmboi “zoun” stic
treic diast�seic. Epiplèon lìgo thc fÔshc tou (elastikìtitac), k�je kìmboc   krÐkoc
mporeÐ na èqei pollèc diaforetikèc morfèc. Piì sugkekrimèna mporeÐ na tentwjeÐ kai
na sumpiesteÐ opoiod pote tm ma tou, wc proc opoiad pote kateÔjunsh ston q¸ro,
dÐqwc ìmwc na kopeÐ kai na xanakollhjeÐ kanèna shmeÐo tou. Fusiologik  apìrroia
tou teleutaÐou eÐnai ìti endèqetai fainomenik� na èqoume dÔo diaforetikoÔc kìmbouc
  krÐkouc, ìmwc sthn pragmatikìthta na eÐnai o Ðdioc. AutoÐ loipìn oi fainomenik�
diaforetikoÐ kìmboi   krÐkoi ja onom�zontai “isodÔnamoi”. Apì autì to shmeÐo ki
èpeita me ton ìro kìmbo ja ennooÔme kai touc krÐkouc.

Gia thn melèth twn kìmbwn eÐnai bolikì na qrhsimopoioÔme thn k�jeth probol 
touc s' èna epÐpedo. Gia na m n up�rxei sÔgqush gia thn apeikìnish tou kìmbou sto
epilegìmeno epÐpedo probol c ja prèpei na l�boume sobar� up' ìyin mac ta akìlouja:
(1) Oi efaptìmenec eujeÐec se ìla ta shmeÐa tou kìmbou ja prèpei na prob�llontai
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8 KEF�ALAIO 1. TO POLU�WNUMO JONES 2-METABLHT�WN

p�nw se eujeÐec tou epipèdou probol c (dhlad  oi probolèc twn efaptomènwn den
ekfulÐzontai potè se shmeÐo),

(2) Den prèpei parap�nw apo dÔo diaforetik� shmeÐa tou kìmbou na prob�llontai se
èna kai monadikì shmeÐo tou epipèdou,

(3) DÔo diaforetik� shmeÐa tou kìmbou mporoÔn na problhjoÔn sto Ðdio shmeÐo tou
epipèdou mìnon e�n oi probolèc twn dÔo efaptomènwn den sumpÐptoun, kai

(4) To sÔnolo twn shmeÐwn diastaÔrwshc ta legìmena “crossings”(sta opoÐa prob�l-
lontai dÔo kai monadik� shmeÐa) eÐnai peperasmèno.

Oi probolèc kìmbwn pou ikanopoioÔn tic parap�nw sunj kec ja lègontai diagr�mmata.
Parat rhsh
P�nta mporeÐ na brejeÐ kat�llhlo epÐpedo probol c tou kìmbou ètsi ¸ste na ikanopoioÔn-
tai oi sunj kec (1),(2),(3) kai (4). 'Estw loipìn ìti sto arqikì epÐpedo probol c pou
èqw epilèxei parousi�zontai k�poiec apagoreumènec katast�seic. Tìte me kat�llhlec
mikrèc strèyeic tou epipèdou peperasmènec to pl joc (dec sq ma 1.1), mporoÔme na ex-
asfalÐsoume thn ikanopoÐhsh twn tess�rwn aut¸n sunjhk¸n. Pr�gmati, k�je for� pou
diorj¸noume k�poia apagoreumènh kat�stash frontÐzoume sugqrìnwc na diathroÔme tic
mh problhmatikèc kai tic  dh diorjwmènec.

Sq ma 1.1: Epilog  kat�llhlou epipèdou probol c.

AkoloÔjwc dÐdetai o majhmatikìc orismìc thc isodunamÐac twn kìmbwn.
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ORISMOS 1.1 DÔo leÐoi kìmboi K0 kai K1 onom�zontai isodÔnamoi   isotopikoÐ
an up�rqei mia monoparametrik  oikogèneia amfidiaforÐsimwn apeikonÐsewn, ft : IR3 →
IR3, t ∈ [0, 1], leÐwc exart¸menh apì thn par�metro t, ft : IR3 → IR3, t ∈ [0, 1]
, pou antistoiqeÐ ton kìmbo K0 ston kìmbo K1 dhlad  tètoia ¸ste f0 na eÐnai h
tautotik  ston K0 kai f1(K0) = K1 (leÐwc exart¸menh shmaÐnei ìti h apeikìnish F
:IR3 × [0, 1] → IR3 pou dÐnetai apì to (x, t) 7−→ ft(x) eÐnai diaforÐsimh). H oikogèneia
twn amfidiaforÐsimwn ft lème ìti eÐnai mÐa isotopÐa twn kìmbwn K0 kai K1.

Parat rhsh
MporeÐ na deiqjeÐ ìti dÔo isotopikoÐ kìmboi me koinì tm ma mporoÔn na isotophjoÔn o
ènac ston �llon apì mia isotopoÐa h opoÐa den kineÐ shmeÐa autoÔ tou tm matoc.

Kin seic isotopÐac epipèdou ja onom�zontai mìno oi kin seic thc morf c:

Sq ma 1.2: Kin seic isotopÐac epipèdou.

Oi kin seic autèc èqoun to qarakthristikì ìti diathroÔn ta  dh up�rqonta shmeÐa di-
astaÔrwshc kai epiplèon den dhmiourgoÔn kanèna kainoÔrgio.

'Etsi, eÔkola kaneÐc mporeÐ na katal�bei ìti e�n èqoume ènan dedomèno kìmbo ston
IR3 tìte an�loga se poiì epÐpedo ton prob�lloume ja paÐrnoume kat� p�sa pijanìthta
kai diaforetikì di�gramma autoÔ (ìpou ja up�rqei endeqomènwc kai diafor� ston ari-
jmì twn diastaur¸sewn). Sunep¸c oi kin seic isotopÐac epipèdou pou mìlic anafèrame,
den arkoÔn gia thn pl rh perigraf  sto epÐpedo twn kin sewn isotopÐac tou q¸rou.
'Etsi mporoÔme na upoyiastoÔme ìti prèpei na up�rqoun k�poiec epiplèon kin seic, oi
opoÐec metatrèpoun thn mia probol  tou kìmbou sthn �llh. ApodeiknÔetai ìti up�rqoun
treic tètoiec kin seic, oi legìmenec kin seic Reidemeister (blèpe Sq.1.3).

JEWRHMA 1.1 ( Je¸rhma Reidemeister) DÔo diagr�mmata kìmbwn antistoiqoÔn
se isotopikoÔc kìmbouc an kai mìno an to èna mporeÐ na prokÔyei apì to �llo apì
peperasmènh akoloujÐa kin sewn Reidemeister kai isotopi¸n epipèdou.

H apìdeixh paraleÐpetai (dec [PS]).
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Sq ma 1.3: Kin seic Reidemeister.

1.1.2 AnalloÐwtec Kìmbwn

Sto prìblhma thc taxinìmishc twn kìmbwn shmantikì rìlo paÐzei h kataskeu  analloÐ-
wtwn kìmbwn.
ORISMOS 1.2 Mia sun�rthsh I:{kìmboi} → L (ìpou L mporeÐ na eÐnai sÔmbola,
arijmoÐ, polu¸numa Laurent klp), lègetai analloÐwth kìmbwn, e�n:

• K1 ∼ K2 ⇒ I(K1) = I(K2). Dhlad , mia analloÐwth kìmbwn eÐnai kal�
orismènh p�nw se kl�seic isotopÐac kìmbwn. IsodÔnama gia thn I èqoume:

• an I(K1) 6= I(K2) ⇒ K1 ∼/ K2.

An ìmwc I(K1) = I(K2), tìte den mporoÔme na apofanjoÔme. 'Etsi prokÔptei o akìlou-
joc orismìc:
ORISMOS 1.3 'Estw I mia analloÐwth kìmbwn kai èstw ìti isqÔei:
K1 ∼/ K2 =⇒ I(K1) 6= I(K2). Tìte h I ja lègetai pl rhc analloÐwth.

Stìqoc thc JewrÐac kìmbwn eÐnai h kataskeu  miac pl rouc analloÐwthc. Gia thn
kalÔterh katanìhsh thc ènnoiac thc analloÐwthc, dÐnoume èna aplì par�deigma.
Par�deigma
Triqrwmatismìc: 'Enac kìmboc lègetai triqrwmatÐsimoc an mporeÐ na qrwmatisteÐ me
trÐa diaforetik� qr¸mata, èna gia k�je tìxo (dhlad  gia k�je sunektik  sunist¸sa
tou antÐstoiqou diagr�mmatoc) ètsi ¸ste se k�je diastaÔrwsh na sunant¸ntai kai ta
trÐa qr¸mata   mìno to èna.
PROTASH 1.1 H triqrwmatisimìthta eÐnai analloÐwth kìmbwn.
APODEIXH : Pr�gmati, h triqrwmatisimìthta eÐnai mÐa analloÐwth kìmbwn, diìti
den ephre�zetai apì tic treic kin seic Reidemeister kai tic kin seic isotopÐac epipèdou
(blèpe Sq.1.4).
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Sq ma 1.4: Oi basikèc kin seic isotopÐac den ephre�zoun thn triqrwmatisimìthta.

1.2 KotsÐdec

1.2.1 H Om�da twn KotsÐdwn

ORISMOS 1.4 Mia kotsÐda me n klwstèc, eÐnai mia emfÔteush n tìxwn, sto (I×e)×[0, 1],
ìpou I ⊆ IR, e=[0,e] me e > 0 kai polÔ mikrì, ètsi ¸ste sto (I×e)×{0} na brÐskontai
suneujeiak� ta n p�nw sÔnora twn tìxwn, sto (I×e)×{1} na brÐskontai suneujeiak� ta
n k�tw sÔnora twn tìxwn kai h emfÔteush na mhn èqei topik� akrìtata (blèpe Sq.1.5).
Ta tìxa jewroÔme ìti èqoun prosanatolismì, me kateÔjunsh apì p�nw ( (I×e)×{0} )
proc ta k�tw ( (I×e)×{1} ).

Sq ma 1.5: Apeikìnish kotsÐdac.
'Etsi mil¸ntac gia kotsÐdec, den endiaferìmaste apl¸c gia thn antistoiqÐa twn n

shmeÐwn tou p�nw epipèdou sta n shmeÐa tou k�tw epipèdou, all� endiaferìmaste kai
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Sq ma 1.6: KotsÐda me n klwstèc.

gia to tÐ gÐnetai endi�mesa kaj' ìlo to m koc twn klwst¸n (dhlad , poi� klwst  pern�ei
p�nw apì poi�, pìsec forèc kai me poi� seir�). Epomènwc blèpoume ìti oi kotsÐdec eÐ-
nai k�ti polÔ parap�nw apì metajèseic. Mia met�jesh n stoiqeÐwn mporoÔme na thn
fantastoÔme san thn antistoiqÐa (qwrÐc na mac endiafèrei tÐ gÐnetai endi�mesa) twn n
shmeÐa tou p�nw epipèdou miac kotsÐdac, sta antÐstoiqa n tou k�tw epipèdou.

Diaisjhtik�, eÔkola antilambanìmaste ìti b�sei tou piì p�nw gewmetrikoÔ orismoÔ,
up�rqoun peript¸seic ìpou k�poiec kotsÐdec endèqetai na diafèroun metaxÔ touc, all�
sthn pragmatikìthta na eÐnai isodÔnamec mèsw isotopi¸n pou sèbontai ton orismì thc
kotsÐdac (blèpe p.q. Sq.1.7).

Sq ma 1.7: IsotopÐec kotsÐdwn.

JewroÔme to sÔnolo Bn pou par�getai apì kl�seic isodunamÐac kotsÐdwn me n kl-
wstèc, me profan  pr�xh thn sÔnjesh kotsÐdwn (blèpe Sq. 1.8). Ac shmeiwjeÐ ìti h
pr�xh aut  den eÐnai antimetajetik . To oudètero stoiqeÐo wc proc thn sÔnjesh kot-
sÐdwn eÐnai h tautotik  kotsÐda me n klwstèc (blèpe Sq. 1.12). ApodeiknÔetai eÔkola
ìti to Bn eÐnai om�da, h om�da twn kotsÐdwn me n klwstèc.

O Orismìc 1.4, ep�gei me profan  trìpo thn emfÔteush thc Bn sthn Bn+1 ìpwc
deÐqnei to Sq ma 1.9.
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Sq ma 1.8: H pr�xh “ · ” thc om�dac Bn.

Sq ma 1.9: EmfÔteush thc Bn sthn Bn+1.

PROTASH 1.2 K�je kotsÐda σ, mporeÐ na diameristeÐ se orizìntiec lwrÐdec, ètsi
¸ste h k�je mÐa na perièqei mìno mÐa diastaÔrwsh.
APODEIXH : Gia treic geitonikèc klwstèc to sumpèrasma isqÔei b�sh tou orismoÔ twn
kotsÐdwn. Gia mh geitonikèc klwstèc diatar�ssoume - an qreiasteÐ - (sthn perÐptwsh
pou dÔo diastaur¸seic eÐnai akrib¸c sto Ðdio Ôyoc) mÐa apì tic tèsseric klwstèc, me
tètoion trìpo ¸ste na qamhl¸soume   na uy¸soume thn mÐa apì tic dÔo diastaur¸seic
se sqèsh me thn �llh. K�nontac aut  thn diadikasÐa ìsec forèc qreiasteÐ, xekin¸ntac
q.b.t.g. apì thn tètarth klwst  kai proqwr¸ntac diadoqik�, dÐqwc na qal�me tic pro-
hgoÔmenec diastaur¸seic, proc thn n-ost  klwst , apodeiknÔetai to zhtoÔmeno.
Parat rhsh: B�sei twn parap�nw, mia fusiologik  epilog  gennhtìrwn thc om�dac
Bn, eÐnai aut  twn stoiqeÐwn

σ1, . . . , σn−1,

ìpou σi eÐnai mia kotsÐda me n klwstèc, ìpou h i-klwst  katal gei sto i+1 shmeÐo tou
k�tw epipèdou, kai h (i + 1)-klwst  sto i shmeÐo tou k�tw epipèdou, pern¸ntac p�nw
apì thn i-klwst . Par�llhla, oi upìloipec klwstèc paramènoun tautotikèc. 'Etsi o
genn torac σi èqei thn akìloujh morf :
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Sq ma 1.10: O genn torac σi.

Apì ton orismì tou oudèterou stoiqeÐou, to stoiqeÐo σ−1
i orÐzetai na eÐnai h diastaÔr-

wsh metaxÔ i kai i + 1 klwst c, ìpou ìmwc h arister  klwst  pern�ei p�nw apì thn
dexi�, (blèpe Sq.1.11).
EÔkola mporeÐ kaneÐc na peisjeÐ ìti ta σi, gia i = 1, . . . , n−1, ikanopoioÔn tic akìlou-
jec sqèseic:

σiσi+1σi = σi+1σiσi+1, (1.1)
σiσj = σjσi , |i− j| ≥ 2. (1.2)

ApodeiknÔetai1 ìti oi sqèseic (1.1) kai (1.2) dÐnoun thn par�stash thc om�dac Bn. 'Etsi
dÔo kotsÐdec sundèontai metaxÔ touc me mia sqèsh, an kai mìno an, h mÐa prokÔptei apì
thn �llh me thn diadoqik  efarmog  twn sqèsewn (2.1) kai (2.2), (profan¸c kai twn
sqèsewn σiσ

−1
i = 1). 'Ara, èqoume thn parak�tw prìtash thn opoÐa ja jewroÔme wc

ton algebrikì orismì gia thn om�da Bn.
PROTASH 1.3 H om�da twn kotsÐdwn me n klwstèc (Bn, · ), èqei thn ex c par�s-
tash:

Bn =

〈
σ1, . . . , σn−1

∣∣∣∣∣ σiσi+1σi = σi+1σiσi+1,
σiσj = σjσi , |i− j| ≥ 2.

〉
(1.3)

ìpou “ · ” h pr�xh thc om�dac, ìpwc orÐstike gewmetrik� sto Sq.1.8.
Parathr seic
(1) Profan¸c h om�da twn kotsÐdwn (Bn , ∀ n ∈ IN − {0, 1}) eÐnai �peirh. Pr�gmati,
arkeÐ kaneÐc na skefteÐ ìti paÐrnontac mìno èna thc stoiqeÐo, èstw qwrÐc bl�bh thc
genikìthtac (q.b.t.g). to σ1, tìte autì par�gei to sÔnolo: {σ ν

1 | ν ∈ IN∗}, to opoÐo
eÐnai �peiro uposÔnolo thc Bn.

(2) Oi sqèseic (1.1) kai (1.2) mazÐ me tic sqèseic σ−1
i σi = 1, antanakloÔn tic basikèc

isotopÐec metaxÔ twn kotsÐdwn.

1ApodeÐqjhke apì ton E. Artin...[�rjro???].
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Sq ma 1.11: To stoiqeÐo - genn torac - σ−1
i .

Sq ma 1.12: To oudètero stoiqeÐo e.

1.2.2 Susqetismìc Kìmbwn kai KotsÐdwn

Apì nwrÐc eÐqe parathrhjeÐ ìti kleÐnontac mia kotsÐda prokÔptei ènac prosanatolis-
mènoc kìmboc. Sugkekrimèna, dedomènhc miac kotsÐdac α ∈ Bn, eÔkola mporoÔme na
kataskeu�soume ènan prosanatolismèno kìmbo α̂, pou ja onom�zetai to kleÐsimo thc
α, en¸nontac ta antÐstoiqa �kra me apl� tìxa, ìpwc faÐnetai sthn parak�tw eikìna.

Sq ma 1.13: To kleÐsimo kotsÐdac eÐnai kìmboc.

Aut  h parat rhsh ¸jhse meg�louc majhmatikoÔc ìpwc o Alexander kai o Markov, na
sumb�loun kajoristik� sthn an�ptuxh thc jewrÐac kìmbwn. 'Etsi èqoume ta akìlouja
jewr mata.

JEWRHMA 1.2 (Alexander 1923) K�je prosanatolismènoc kìmboc (  krÐkoc), m-
poreÐ na isotophjeÐ sto kleÐsimo miac kotsÐdac.
APODEIXH : H apìdeixh pou èdwse o Alexander eÐnai kataskeuastik  kai ja parousi�-
soume thn kÔria idèa thc. Ex' orismoÔ mia (klasik ) kotsÐda peristrèfetai kat� for�
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jetik  gÔrw apì �xona k�jeto sto epÐpedo tou diagr�mmatìc thc. H basik  idèa thc
apìdeixhc tou Alexander eÐnai h ex c: upodiairìntac me shmeÐa, qwrÐzoume to di�gramma
tou kìmbou se tìxa pou èqoun eÐte jetik  for� eÐte arnhtik . Aut� me jetik  for�
paramènoun sthn jèsh touc en¸ aut� me arnhtik  for� ta isotopoÔme apì thn �llh
pleur� tou �xona thc telik c kotsÐdac, ètsi ¸ste na èqoun jetik  for�.

Sq ma 1.14: IsotopÐa tou trefoil se kleist  kotsÐda.
'Omwc gia na qrhsimopoihjoÔn oi kotsÐdec gia thn melèth twn kìmbwn up�rqei to

akìloujo sobarì prìblhma: H anapar�stash enìc kìmbou L wc to kleÐsimo miac kot-
sÐdac den eÐnai monadik . Eutuq¸c, met� apì lÐga qrìnia o A.A.Markov br ke ikanèc
kai anagkaÐec sunj kec gia dÔo kotsÐdec α ∈ Bn kai β ∈ Bm, ¸ste na èqoun iso-
topik� kleisÐmata. Autèc oi sunj kec (dÔo to pl joc) èqoun meÐnei me ton ìro “kin seic
Markov” kai eÐnai oi akìloujec:
•tÔpou I: Bn 3 α ∼ σiασ−1

i ∈ Bn , ∀σi ∈ Bn,
•tÔpou II: Bn 3 α ∼ ασ±1

n ∈ Bn+1.

Sq ma 1.15: Kin seic Markov.
JEWRHMA 1.3 (Markov, 1935) DÔo kotsÐdec α ∈ Bn kai β ∈ Bm èqoun isotopik�
kleisÐmata, an kai mìno an up�rqei mÐa peperasmènh akoloujÐa apì kin seic Markov
tÔpou I kai tÔpou II, pou odhgoÔn thn α sth β.
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H apìdeixh paraleÐpetai.
SQOLIA: (1) H apìdeixh tou antistrìfou tou Jewr matoc Markov eÐnai profan c,
paÐrnontac ta kleisÐmata twn kotsÐdwn twn dÔo kin sewn Markov.
(2) H dimel c sqèsh “ ∼ ” eÐnai sqèsh isodunamÐac sto ∪∞n=1Bn.
(3) Dustuq¸c, to Je¸rhma Markov, den eÐnai eÔkolo na efarmosteÐ ap' eujeÐac, diìti
oi akoloujÐec twn kin sewn mporeÐ na eÐnai meg�lec kai na phgaÐnoun se pollèc diafore-
tikèc om�dec kotsÐdwn.

Sthn epìmenh par�grafo dÐnoume thn pr¸th epituq  kataskeu  analloÐwthc kìmbwn
me efarmog  tou Jewr matoc Markov (tou poluwnÔmou Jones), pou ègine apì ton
V.F.R. Jones to 1984.

1.3 To Polu¸numo Jones 2�metablht¸n   HOMFLY PT

1.3.1 'Algebrec Hecke A
ORISMOS 1.5 H �lgebra Hecke A, H(q, n), eÐnai mia �lgebra p�nw sto CI, me
genn torec ta stoiqeÐa g1, g2, . . . , gn−1 ,ta opoÐa ikanopoioÔn tic sqèseic,

g2
i = (q − 1)gi + q1, (1.4)

gigi+1gi = gi+1gigi+1, (1.5)
gigj = gjgi , |i− j| ≥ 2. (1.6)

dhlad  ,

H(q, n) =

〈
g1, g2, . . . , gn−1

∣∣∣∣∣∣∣
g2

i = (q − 1)gi + q1,
gigi+1gi = gi+1gigi+1,
gigj = gjgi , |i− j| ≥ 2.

〉
(1.7)

ìpou q ∈ CI, mh mhdenikì.
EÐnai profanèc ìti h �lgebra Hecke H(q, n) eÐnai isomorfik  me thn �lgebra

phlÐko CIBn/V , ìpou V := 〈σ2
i + (1− q) σi + (−q) 1〉, to ide¸dec pou par�getai apo

thn epibol  thc tetragwnik c sqèshc. Autì faÐnetai apì to ìti up�rqei profan c
epimorfismìc thc CIBn sthn H(q, n) (antistoiqÐzontac to σi sto gi).

Ac jumhjoÔme t¸ra, ìti h om�da metajèsewn Sn parÐstatai apì ta s1, s2, . . . ,
sn−1, ètsi ¸ste s2

i = 1 , sisi+1si = si+1sisi+1 , sisj = sjsi , ∀|i− j| ≥ 2 . Onom�zoume
meiwmènec lèxeic twn gi kai twn si tic lèxeic me to mikrìtero m koc. To jèma eÐnai
ìti h sqèsh (1.4) eÐnai to Ðdio kal , ìso kai h s2

i = 1 gia na fèroume mia lèxh se mia
isodÔnamh meiwmènh [Jon]. 'Etsi, to sÔsthma twn meiwmènwn lèxewn twn si thc Sn

eÐnai ikanì na efodi�sei thn H(q, n) me mia (grammik ) b�sh, apl¸c gr�fontac ìpou si

to gi. Mia qr simh tètoia b�sh eÐnai h ex c:
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{(gi1gi1−1 . . . gi1−k1) . . . (gip . . . gip−kp)|1 ≤ i1 < i2 < . . . < ip ≤ n− 1}, (1.8)
h opoÐa onom�zetaikanonik  b�sh thc H(q, n).
Apì thn parap�nw b�sh mporeÐ na dei kaneÐc ìti h di�stash thc H(q, n) wc gram-
mikìc q¸roc, eÐnai n!. Parathr ste akìma ìti h H(1, n), eÐnai h CISn.
Parathr seic
(1) K�je lèxh thc b�shc thc H(q, n + 1), perièqei to stoiqeÐo gn, to polÔ mÐa for�.
(2) H �lgebra Hecke tÔpou An−1 antistoiqeÐ sto gr�fhma Coxeter tÔpou An−1. Up-
�rqoun epÐshc �lgebrec Hecke kai gia ta upìloipa graf mata Coxeter (blèpe Kef�laio
2).

1.3.2 H Sun�rthsh 'Iqnouc tou Ocneanu

H sun�rthsh Ðqnouc tou Ocneanu p�nw sthn H(q, n) , empneÔsthke apì to polu¸nu-
mo Jones mi�c metablht c, pou kataskeÔase o Ðdioc o Jones, mèsw thc jewrÐac twn
Algebr¸n von Neumann[...]. To je¸rhma tou Ocneanu eÐnai to basikì apotèlesma
gia thn kataskeu  tou poluwnÔmou Jones dÔo metablht¸n.

'Otan anaferìmaste se mÐa sun�rthsh Ðqnouc tr, p�nw se mia �lgebra anaferì-
maste se mia sun�rthsh me tic akìloujec idiìthtec:
(i) tr(α + β) = tr(α) + tr(β) ,
(ii) tr(λα) = λtr(α) ,
(iii) tr(αβ) = tr(βα).
dhlad  h sun�rthsh Ðqnouc eÐnai p�nta grammik  kai èqei thn kÔria idiìthta tou Ðqnouc
pin�kwn.

AkoloÔjwc ja parousi�soume to je¸rhma tou Ocneanu kai thn apìdeix  tou,
ìpwc thn eÐde apo th skopi� tou o Jones. Se autì to shmeÐo k�noume thn paradoq  ìti
me Hn ja sumbolÐzoume thn Hq,n gia k�je n ∈ IN .
JEWRHMA 1.4 (Ocneanu, 1984) Gi� k�je z ∈ CI up�rqei mia grammik  sun�rthsh
tr : ∪∞n=1H(q, n) −→ CI monadik� orismènh apì touc kanìnec:
1) tr(ab) = tr(ba) , ∀a, b ∈ H(q, n)
2) tr(1) = 1 ,
3) tr(xgn) = z tr(x) , ∀x ∈ H(q, n) .

APODEIXH : To pr¸to pr�gma pou parathroÔme eÐnai ìti h sun�rthsh
C : Hn ⊕

(
Hn ⊗Hn−1 Hn

)
→ Hn+1
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h opoÐa dÐnetai apì ton tÔpo C(x⊕ y1⊗ y2) = x + y1gny2 , eÐnai isomorfismìc an�mesa
se (Hn , Hn)� diprìtupa. Autì prokÔptei apì thn exètash tou sunìlou (2.5) kai me
to na parathr sei kaneÐc ìti k�je lèxh thc H(q, n+1) mporeÐ na grafeÐ wc grammikìc
sunduasmìc stoiqeÐwn (lèxewn) thc b�shc (2.5), ìpou to gn, emfanÐzetai to polÔ mÐa
for�. To ìti eÐnai epÐ eÐnai �meso kai to ìti eÐnai 1-1 prokÔptei apì ton upologismì twn
diast�sewn.

T¸ra eÐmaste eleÔjeroi na orÐsoume th grammik  sun�rthsh epagwgik� apì touc
tÔpouc tr(1) = 1 kai tr(xgny) = z tr(xy) ∀ x, y ∈ H(q, n). Mènei na deÐxoume thn
idiìthta 1 . Apì upìjesh epagwg c mporoÔme na to upojèsoume gia a, b ∈ Hn. T¸ra
an S eÐnai èna uposÔnolo miac �lgebrac A, to opoÐo thn par�gei san �lgebra (to S
eÐnai èna sÔnolo gennhtìrwn thc A), tìte gia na deÐxoume ìti h grammik  sun�rthsh
eÐnai sun�rthsh Ðqnouc, arkeÐ na deÐxoume ìti f(xs) = f(sx), ∀s ∈ S kai x ∈ A.
Efarmìzontac autì kai b�zontac ìpou S = Hn∪{gn}, blèpoume ìti h mình mh tetrimmènh
perÐptwsh pou prokÔptei apì ton orismì tou tr, eÐnai h tr(gnxgny) = tr(xgnygn),∀x, y ∈
Hn. All�, apì thn parat rhsh sthn arq  thc apìdeixhc, arkeÐ na exet�soume tic
akìloujec treic peript¸seic:

a) x ∈ Hn−1 , y ∈ Hn−1,
b) x = agn−1b , a, b ∈ Hn−1 kai y ∈ Hn−1 ,
c) ìmoia me thn perÐptwsh b) me th diafor� ìti oi rìloi twn x kai y

eÐnai antestrammènoi ,
d) x = agn−1b, y = cgn−1d , a, b, c, d ∈ Hn−1 .

H perÐptwsh a) eÐnai tetrimmènh, kaj¸c to gn antimetatÐjetai me thn Hn−1. 'Etsi autì
pou qrei�zetai na exet�soume eÐnai mìno tic peript¸seic b) kai d). 'Eqoume loipìn,
b) tr(gnagn−1bgny) = tr(agngn−1gnby)

= tr(agn−1gngn−1by)
= z tr(ag2

n−1by)
= (q − 1) z tr(agn−1by) + qz tr(aby)kai

tr(agn−1bgnygn) = tr(agn−1bg
2
ny)

= (q − 1)tr(agn−1bgny) + q tr(agn−1by)
= z(q − 1)tr(agn−1by) + qz tr(aby).

d) tr(gnagn−1bgncgn−1d) = z tr(ag2
n−1bcgn−1d)

= z(q − 1) tr(agn−1bcgn−1d) + z2q tr(aby)kai
tr(agn−1bgncgn−1dgn) = z tr(agn−1bg

2
n−1d)

= z(q − 1)tr(agn−1bgn−1d) + z2tr(abcd).

o.e.d.

EÐnai profanèc apì thn apìdeixh ìti oi idiìthtec 1), 2), kai 3) arkoÔn gia na up-
ologÐsoume epagwgik� to Ðqnoc opoioud pote stoiqeÐou thc H(q, n). Ac upologÐsoume
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gia par�deigma to Ðqnoc thc lèxhc g2g1g3g2, h opoÐa èqei el�qisto m koc sthn om�da
twn kotsÐdwn:

tr(g2g1g3g2) = tr(g2
2g1g3) (idiìthta 1)

= z tr(g2
2g1) (idiìthta 3)

= z(q − 1)tr(g2g1) + zq tr(g1)
= (z2(q − 1) + zq)tr(g1)
= z3(q − 1) + z2q (idiìthta 1 kai 3).

Prokeimènou na kataskeuasteÐ mia analloÐwth kìmbwn qrhsimopoi¸ntac to Ðqnoc Ocneanu,
h parat rhsh kleidÐ eÐnai h omoiìthta metaxÔ thc sunj khc 3) tou Jewr matoc 1.4 kai
thc deÔterhc kÐnhshc Markov. 'Etsi prokÔptei o akìloujoc orismìc.
ORISMOS 1.6 ('Iqnoc Markov) 'Estw z ∈ CI, H := ∪∞n=1H(q, n) kai τ : H → CI
mia CI-grammik  apeikìnish. Tìte h τ ja onom�zetai Ðqnoc Markov (me par�metro z) an
ikanopoioÔntai oi akìloujec sunj kec:
(1) τ eÐnai sun�rthsh Ðqnouc thc H.
(2) τ(1) = 1 (kanonikopoÐhsh).
(3) τ(hgn) = zτ(h) ∀n ≥ 1 kai h ∈ Hn.
Parat rhsh: (1) ParathroÔme ìti oi genn torec gi(gia i = 1, 2, . . .) eÐnai suzugeÐc
sthn H(eÔkolo). 'Etsi k�je sun�rthsh Ðqnouc tou H ja prèpei na paÐrnei thn Ðdia tim 
gia aut� ta stoiqeÐa. To teleutaÐo exhgeÐ giatÐ h par�metroc z eÐnai anex�rthth tou n
sth sunj kh (3) tou OrismoÔ 1.6.

(2) O orismìc tou Ðqnouc Markov epekteÐnetai kai se �llec �lgebrec, p.q. se �l-
gebrec Hecke tÔpou B(ìpwc ja doÔme sto Kef�laio 2) kai sthn jèsh tou CI mporeÐ na
mpei ènac antimetajetikìc daktÔlioc A, me mon�da.

O pio fusikìc trìpoc gia na exasfalÐsoume mia analloÐwth kìmbwn, eÐnai na kanon-
ikopoi soume ta gi ètsi ¸ste kai oi dÔo tÔpoi thc deÔterhc kÐnhshc Markov, na ephre�-
zoun thn sun�rthsh Ðqnouc me ton Ðdio trìpo. 'Estw loipìn θ ∈ IN tètoio ¸ste
: tr(θgi) = tr((θgi)

−1). Tìte èqoume :
θ2 = tr(g−1

i )/tr(gi) = tr(gi/q − (1− 1/q))/z = (1− q + z)/qz := λ .

Apì autì prokÔptei ìti z = (q − 1)/(1 − λq). 'Etsi tr(
√

λgi) = tr((
√

λgi)
−1) kai

tr(
√

λgi) = z
√

λ = −
√

λ(1− q)/(1− λq).
Epiplèon, an anaparast soume thn Bn sthn H(q, n) me thn πλ ètsi ¸ste, πλ(σi) =√

λgi ∈ H(q, n), tìte h sun�rthsh twn q kai λ pou dÐnetai apì thn sqèsh:
(−(1− λq)/

√
λ(1− q))n−1 tr(πλ(α)) , α ∈ Bn,
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exart�tai mìno apì ton kìmbo α̂. Ac shmeiwjeÐ ìti o suntelest c (−(1− λq)/
√

λ(1−
q))n−1 proèkuye apì thn apaÐthsh h analloÐwth pou zht�me na paÐrnei thn Ðdia tim  gia
tic α, ασn kai ασ−1

n , ∀n ∈ IN . H anapar�stash π (π(σi) = gi) èqei to pleonèkthma ìti
emplèkei mìno thn metablht  q. 'Etsi èqoume ton akìloujo orismì:
ORISMOS 1.7 (Polu¸numo Jones 2�metablht¸n) H analloÐwth dÔo metablht¸n
XL(q, λ) enìc prosanatolismènou kìmbou L eÐnai h sun�rthsh,

XL(q, λ) =

(
− 1− λq√

λ(1− q)

)n−1 (√
λ
)e

tr(π(α))

ìpou α ∈ Bn eÐnai opoiad pote kotsÐda t.¸. α̂ = L, e eÐnai to ekjetikì �jroisma tou α
wc lèxh twn σi kai π : σi 7−→ gi h anapar�stash thc Bn sthn H(q, n).

1.3.3 Idiìthtec tou PoluwnÔmou Jones 2�metablht¸n

PROTASH 1.4 Gia k�je prosanatolismèno kìmbo L up�rqei èna polu¸numo Laurent
PL(t, x) dÔo metablht¸n t kai x t.¸. PL(t, x) = XL(q, λ) ìpou t =

√
λ
√

q kai x =
(
√

q− 1/
√

q). Epiplèon, to PL(t, x) eÐnai monadik� orismèno apì ton “grafikì kanìna”
(skein rule): An L+, L− kai L0 eÐnai kìmboi oi opoÐoi èqoun tautìshmec probolèc, ektìc
apì thn perioq  mÐac diastaÔrwshc ìpwc faÐnetai sto sq ma 2.1, tìte

t−1PL+ − tPL− = xPL0

.

Sq ma 1.16: t−1PL+ − tPL− = xPL0 .

APODEIXH : Ja xekin soume exet�zontac thn sumperifor� tou X p�nw sta diagr�m-
mata L+, L− kai L0(blèpe Sq. 1.16). ParathreÐste ìti mÐa tuqaÐa diastaÔrwsh tou
diagr�mmatoc enìc prosanatolismènou kìmbou mporeÐ na isotophjeÐ se morf  kotsÐdac,
ètsi ¸ste h diastaÔrwsh na gÐnei ènac ìroc σi (  σ−1

i an�loga me to an eÐnai jetik 
  arnhtik  diastaÔrwsh) sthn telik  èkfrash mi�c kotsÐdac apì ton arqikì kìmbo.
'Etsi, met� apì kin seic Markov pr¸tou tÔpou, mporoÔme na upojèsoume ìti L0 = α̂σi

kai L+ = α̂σ2
i , L− = α̂ gia k�poio α ∈ Bn . Apì thn tetragwnik  sqèsh èqoume

tr(π(ασ2
i )) − q tr(π(α)) = (q − 1)tr(π(ασi)). 'Estw e to ekjetikì �jroisma tou α.

Pollaplasi�zontac aut  thn exÐswsh me T (
√

λ)e+1/
√

q, ìpou
T :=

(
−(1− λq)/

√
λ(1− q)

)n−1
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tìte èqoume:
T

√
q
√

λ
(
√

λ)e+2tr(π(ασ2
i ))−

√
q
√

λT (
√

λ)etr(π(α))

= (
√

q − 1/
√

q) T (
√

λ)e+1tr(π(ασi)).

'Etsi, apì ton orismì tou X, prokÔptei ìti: t−1XL+ − tXL− = xXL0 .
Idiìthta 1: Antistrof  tou prosanatolismoÔ
Antistrèfontac ìla ta bèlh tou prosanatolismoÔ sto Sq ma 1.16, ta prìshma twn
sugkekrimènwn diagramm�twn ston L+ kai ston L− den all�zoun. 'Etsi apì thn Prì-
tash 1.4 mporoÔme na sumper�noume ìti PL = PL′ , ìpou L′ eÐnai o prosanatolismènoc
kìmboc (  krÐkoc) pou prokÔptei an antistrèyoume ston L ton prosanatolismì ìl-
wn twn sunistos¸n tou. ParathreÐste ìti an antistrèyoume ton prosanatolismì miac
sugkekrimènhc sunist¸sac (kai mìno aut c) tìte, to PL mporeÐ na all�xei drastik�!
Autì eÐnai fusikì, apì thn stigm  pou an antistrèyoume ton prosanatolismì miac sug-
kekrimènhc sunist¸sac, tìte k�poiec diastaur¸seic pou proèrqontai apì dÔo diafore-
tikèc sunist¸sec ja all�zoun prìshmo. Ousiastik� oi nèec autèc diaklad¸seic pou
prokÔptoun eÐnai ta eÐdwla twn antÐstoiqwn arqik¸n touc. Aut� fusik� èqoun nìhma
mìno sthn perÐptwsh pou èqoume kìmbo me dÔo   perissìterec sunist¸sec (blèpe Sq.
1.17).

Sq ma 1.17: Antipar�deigma.
To apotèlesma PL = PL′ mporeÐ na faneÐ kai stic �lgebrec Hecke to Ðdio kal�. H

summetrÐa thc par�stashc thc Bn mèsw twn sqèsewn (1.1) kai (1.2) uponoeÐ thn Ôparxh
enìc antiautomorfismoÔ θ sthn Bn o opoÐoc stèlnei to σi sto σn−i. Gewmetrik� o θ
prokÔptei peristrèfontac thn kotsÐda α kat� 180o p�nw sto epÐpedì thc (kai all�zon-
tac touc prosanatolismoÔc twn klwst¸n). EÐnai gewmetrik� profanèc ìti θ̂(α) = (α̂)′.
Apì tic sqèseic (1.4) , (1.5) kai (1.6), o θ orÐzei epÐshc ènan antiautomorfismì sthn
Hn(q) o opoÐoc diathreÐ to Ðqnoc (monadikìthta tou Ðqnouc Markov). 'Etsi èqoume
XL = XL′ .
SQOLIO : Autì to apotèlesma mporeÐ na nohjeÐ san arnhtikì apotèlesma tou sug-
kekrimènou poluwnÔmou, afoÔ den mporeÐ na aniqneÔsei thn diafor� an�mesa stouc dÔo
diaforetikoÔc prosanatolismoÔc tou kìmbou.
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Idiìthta 2: Kajreptismìc
'Ena apì ta qarakthristik� tou PL eÐnai ìti eÐnai polÔ euaÐsjhto ston kajreptismì
enìc kìmbou. Pr�gmati, èstw L ènac prosanatolismènoc kìmboc, kai èstw L̃ ènac �l-
loc prosanatolismènoc kìmboc, o opoÐoc proèkuye wc to eÐdwlo tou L se èna k�toptro
par�llhlo sto epÐpedì tou,   isodÔnama, antistrèfontac ìlec tic diastaur¸seic tou L.
EÐnai fanerì apì to sq ma 1.16 ìti P

L̃
(t, x) = PL(t−1,−x). Autì ja to deÐxoume kai

qrhsimopoi¸ntac tic �lgebrec Hecke. An kai aut  h mèjodoc eÐnai ligìtero eÔkolh,
eÐnai arket� apokaluptik .

An α ∈ Bn tìte to eÐdwlo tou α̂ eÐnai to θ(α−1) ∈ Bn ìpou θ o antiautomorfismìc
pou orÐsthke parap�nw. All�, ìpwc èqoume dei, mporoÔme na p�roume α−1 ∈ Bn. 'Etsi
e�n L = α̂ kai e eÐnai to ekjetikì �jroisma tou α tìte,

X
L̃
(q, λ) =

(
− 1− λq√

λ(1− q)

)n−1 (√
λ
)−e

tr(π(α−1)) .

PROTASH 1.5 : X
L̃
(q, λ) = XL(1/q, 1/λ).

APODEIXH : 'Estw f(q, λ) = tr(π(α)). Gr�foume to π(α) wc ginìmeno, me k�je gi

na gr�fetai (q + 1)ei − 1 ìpou ei = (1 + gi)/(1 + q). T� ei ikanopoioÔn tic sqèseic:
e2

i = ei (1.9)
eiei+1ei − q/(1 + q)2ei = ei+1eiei+1 − q/(1 + q)2ei+1 (1.10)

eiej = ejei |i− j| ≥ 2 (1.11)
tr(ei) =

q(1− λ)

(1 + q)(1− λq)
. (1.12)

Tìte to π(α−1) ja èqei thn Ðdia èkfrash wc proc ta ei arkeÐ to q na antikatastajeÐ
apì to q−1. Kai oi dÔo oi ekfr�seic q/(1 + q)2 kai q(1 − λ)/(1 + q)(1 − λq) eÐnai
analloÐwtec k�tw apì thn allag  twn metablht¸n q 7→ 1/q , λ 7→ 1/λ. Epiplèon oi
sqèseic (1.4), (1.5) kai (1.6) eÐnai isodÔnamec, gia q 6= −1, me tic sqèseic (1.9),(1.10)
kai (1.11). 'Etsi arkoÔn gia ton upologismì tou Ðqnouc gia k�je lèxh twn ei, to opoÐo
ja eÐnai to �jroisma dun�mewn tou q epÐ dun�meic tou q(1 − λ)/(1 + q)(1 − λq). 'Etsi
tr(π(α−1)) = f(1/q, 1/λ). Tèloc, h èkfrash (1−λq)/

√
λ(1− q) eÐnai analloÐwth k�tw

apì thn allag  twn metablht¸n kai to (
√

λ)e gÐnetai (√λ)−e, to opoÐo kai oloklhr¸nei
thn apìdeixh.



24 KEF�ALAIO 1. TO POLU�WNUMO JONES 2-METABLHT�WN



Kef�laio 2

KotsÐdec Artin tÔpou B kai 'Iqnh
Markov tÔpou B

2.1 H Om�da twn KotsÐdwn tÔpou B

Sto Kef�laio 1 parousi�same thn om�da Bn twn kotsÐdwn tÔpou A. Gewmetrik�, mia
kotsÐda σ ∈ Bn apoteleÐtai apì n emfuteumèna tìxa-klwstèc sthn S3, ìpou ta n �nw
�kra brÐskontai se mia eujeÐa ε1, antÐstoiqa ta n k�tw �kra brÐskontai se mia eujeÐa ε2,
me ε1//ε2. Qarakthristikì twn emfuteÔsewn aut¸n eÐnai ìti èqoun for� apì p�nw proc
ta k�tw kai ìti èqoun eleujerÐa kin sewn me ton periorismì ìmwc na mhn dhmiourgoÔn
topik� akrìtata (wc proc tic eujeÐec ε1, ε2).

'Estw t¸ra mia kotsÐda me n + 1 klwstèc. An apait soume h pr¸th klwst  na
eÐnai tautotik  (dhl. ta �kra thc na eÐnai ta pr¸ta kata thn di�tax  touc p�nw stic
eujeÐec ε1, ε2), tìte dhmiourgeÐtai mia eidik  upoom�da thc om�dac twn kotsÐdwn Bn+1,
h legìmenh om�da twn kotsÐdwn Artin tÔpou B pou ja sumbolÐzetai B1,n(blèpe Sq.
2.1). Se aut n thn perÐptwsh thn pr¸th klwst  den thn arijmoÔme all� arijmoÔme
mìno tic upìloipec klwstèc (n to pl joc), pou apoteloÔn to klasikì(standard) mèroc
miac kotsÐdac tÔpou B, me thn ènnoia ìti an afairèsoume thn pr¸th klwst  apomènei
mia klasik  kotsÐda me n klwstèc.

To sÔnolo loipìn twn kotsÐdwn B1,n, n ∈ IN apoteleÐ om�da, me pr�xh thn pr�xh
thc om�dac Bn+1) kai genn torec touc sun jeic genn torec σ1,. . .,σn−1, gia to klasikì
mèroc, mazÐ me ton genn tora T ìpwc faÐnetai sto Sq ma 2.2.
Apì thn jewrÐa parast�sewn prokÔptei ìti h B1,n èqei thn akìloujh par�stash,

bl. [Lam1]:
25
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Sq ma 2.1: Mia kotsÐda Artin tÔpou B.

Sq ma 2.2: O genn torac T thc om�dac B1,n.

B1,n =

〈
T, σ1, σ2, . . . , σn−1

∣∣∣∣∣∣∣∣∣
σiσi+1σi = σi+1σiσi+1 ,∀i
σiσj = σjσi , |i− j| > 1
Tσi = σiT , i > 1
Tσ1Tσ1 = σ1Tσ1T

〉

SQOLIO : H B1,n emperièqetai me fusikì trìpo sthn B1,n+1 (blèpe Sq. 2.3). Wc
epakìloujo to eujÔ ìrio ⋃∞n=1 B1,n eÐnai kal� orismèno.
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Sq ma 2.3: Fusik  emfÔteush thc B1,n sthn B1,n+1.

2.2 'Ena 'Iqnoc Markov gia 'Algebrec Hecke tÔpou

B

2.2.1 'Algebrec Hecke tÔpou B
OrÐzoume wc sÔsthma Coxeter èna zeÔgoc (C, S) apoteloÔmeno apì mia om�da C kai
apì èna peperasmèno sÔnolo gennhtìrwn S ⊆ C, to opoÐo upakoÔei mìno se sqèseic thc
morf c

(ss′)m(s,s′) = 1 ,

ìpou s, s′ ∈ S me s 6= s′, m(s, s) = 1 , m(s, s′) = m(s′, s) ≥ 2 .
Sthn perÐptwsh ìpou den up�rqei sqèsh metaxÔ twn s kai s′, tìte k�noume th sÔm-
bash ìti m(s, s′) = ∞. Ac parathr soume ìti h sqèsh (ss)1 = 1 ⇔ s2 = 1 dhl¸nei ìti
s−1 = s. Ac parathr soume epÐshc ìti h om�da C , eÐnai h om�da phlÐko F/N , ìpou
h F eÐnai h eleÔjerh om�da pou par�getai apì to sÔnolo S kai N eÐnai h kanonik 
upoom�da pou par�getai apì ìla ta stoiqeÐa thc morf c

(ss′)m(s,s′) .

To pl joc twn stoiqeÐwn tou sunìlou S onom�zetai bajmìc tou (C, S) .
'Etsi loipìn katal goume ston akìloujo orismì.
ORISMOS 2.1 Mi� om�da C pou èqei par�stash thc morf c

〈s1, . . . , sn|(sisj)
mij = 1 , mii = 1 , i = 1, . . . , n〉

onom�zetai om�da Coxeter, ìpou me mij sumbolÐzoume to m(si, sj).
SQOLIO : Oi om�dec Coxeter eÐnai kal� orismènec. Pr�gmati, an p�roume mia om�da
me dÔo stoiqeÐa1 (G = {a, e} , ∗), tìte a ∗ a = e  , an b�loume ìpou e = 1, tìte ja
èqoume a ∗ a = 1. IsodÔnama (a ∗ a)1 = 1 (dhlad  m(a, a) = 1, ìpwc kai apaiteÐtai).

1'Opwc gnwrÐzoume, ìlec oi om�dec me dÔo stoiqeÐa eÐnai isomorfikèc.
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Epomènwc, mia om�da me dÔo stoiqeÐa eÐnai mia om�da Coxeter.
'Olec oi peperasmènec om�dec Coxeter èqoun taxinomhjeÐ. K�je tètoia om�da mporeÐ
na anaparastajeÐ apì èna gr�fhma Coxeter (blèpe Sq 2.4), ìpou h mon  gramm  pou
en¸nei dÔo genn torec si, sj thc om�dac upodhl¸nei mij = 3 kai k�je epiplèon gramm 
aÔxhsh tou mij kata 1. 'Otan dÔo genn torec den sundèontai me gramm  uponoeÐtai ìti
h sqèsh touc eÐnai bajmoÔ 2, �ra ìti antimetatÐjentai. Gia par�deigma h om�da metajè-
sewn Sn antistoiqeÐ sto pr¸to gr�fhma Coxeter.

Sq ma 2.4: Oi peperasmènec om�dec Coxeter.

ORISMOS 2.2 'Estw C mia om�da Coxeter. H antÐstoiqh om�da Artin dÐnetai apì
thn par�stash: 〈

σ1, . . . , σn−1|σiσjσi . . .︸ ︷︷ ︸
mij

= σjσiσj . . .︸ ︷︷ ︸
mij

〉

Gia par�deigma h gnwst  mac om�da kotsÐdwn Bn eÐnai h om�da Artin thc summetrik c
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om�dac Sn.
To deÔtero gr�fhma Coxeter antiproswpeÔei thn om�da Coxeter tÔpou B thc opoÐac h
par�stash eÐnai h akìloujh:

Wn =

〈
t, s1, s2, . . . , sn−1

∣∣∣∣∣∣∣∣∣∣∣∣

(ts1)
4 = 1   ts1ts1 = s1ts1t

(tsi)
2 = 1   tsi = sit gia i > 1

t2 = si
2 = 1 gia i = 1, . . . , n− 1

(sisi+1)
3 = 1   sisi+1si = si+1sisi+1 gia k�je i

(sisj)
2 = 1   sisj = sjsi gia |i− j| > 1

〉
.

Apì to teleutaÐo èpetai �mesa ìti h B1,n
2 eÐnai h om�da Artin thc Wn.

SQOLIO : Mia om�da Coxeter eÐnai om�da-phlÐko thc antÐstoiqhc om�dac Artin wc
proc thn sqèsh s2

i = 1. H basik  diafor� twn om�dwn Coxeter kai Artin eÐnai ìti
stic deÔterec se antÐjesh me tic pr¸tec, kanènac genn tor�c touc den tautÐzetai me ton
antÐstrofì tou.

K�je om�da Coxeter sqetÐzetai me mia �lgebra Hecke H (sun jwc p�nw sto s¸ma
CI), h par�stash thc opoÐac prokÔptei apì thn par�stash thc antÐstoiqhc om�dac Artin
pou dìjhke pio p�nw, prosjètontac thn tetragwnik  sqèsh σ2

i = (qi − 1) · σi + qi · 1,
ìpou to qi 6= 0 ∈ CI, eÐnai mia stajer  metablit  kai b�zontac ìpou σi 7→ gi, me
i = 0, 1, . . . , n − 1 kai ìpou g0 = t. Gia par�deigma, h �lgebra Hecke tÔpou A,
Hn(q), pou eÐdame sto prohgoÔmeno kef�laio sqetÐzetai me thn summetrik  om�da Sn.
EpÐshc èqoume thn akìloujh par�stash thc �lgebrac Hecke tÔpou Bn, Hn(q, Q), ìpou
q, Q ∈ CI, pou antistoiqeÐ sthn om�da Wn:

Hn(q, Q) =

〈
t, g1, . . . , gn−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

tg1tg1 = g1tg1t
tgi = git gia i > 1
t2 = (Q− 1)t + Q
gi

2 = (q − 1)gi + q gia i = 1, . . . , n− 1
gigi+1gi = gi+1gigi+1 gia k�je i
gigj = gjgi gia |i− j| > 1

〉
.

SQOLIO : Parathr¸ntac to gr�fhma Coxeter thc Wn sumperaÐnoume ìti up�rqei mia
fusik  emfÔteush thc Wn sthn Wn+1 (prosjètontac ènan epiplèon kìmbo-genn tora s-
to tèloc), kai autì ep�gei mia fusik  emfÔteush thc Hn(q, Q) sthn Hn+1(q, Q). 'Etsi to
eujÔ ìrio ⋃∞n=1Hn(q, Q) eÐnai kal� orismèno. Apì ta parap�nw èpetai ìti up�rqei ènac
fusikìc epimorfismìc, π :

⋃∞
n=1 CIB1,n 7→

⋃∞
n=1Hn(q, Q), tètoio ¸ste π(T ) = t, π(σi) =

gi.
2H B1,n sumbolÐzetai kai wc W̃n.
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2.2.2 Kataskeu  'Iqnouc Markov gia 'Algebrec Hecke tÔpou B
Stìqoc mac eÐnai na parousi�soume mia sun�rthsh Ðqnouc, apì to ⋃∞

n=1Hn(q, Q) sto CI
h opoÐa ja eÐnai an�logh thc sun�rthshc Ðqnouc tou Ocneanu kai se k�je kotsÐda sto
∪∞n=1B1,n ja antistoiqeÐ èna migadikì polu¸numo. 'Etsi èqoume to akìloujo je¸rhma
pou proèkuye apì thn doulei� thc S. LampropoÔlou kai tou M. Geck[Lam1, GeL].
JEWRHMA 2.1 'Estw z, s ∈ CI, tìte up�rqei monadik  grammik  sun�rthsh

tr : H :=
∞⋃

n=1

Hn(q, Q) −→ CI

tètoia ¸ste na isqÔoun ta akìlouja:
1) tr(ab) = tr(ba) , a, b ∈ H
2) tr(1) = 1 gia k�je Hn(q, Q)
3) tr(agn) = z tr(a) , a ∈ Hn(q, Q)
4) tr(at′n) = s tr(a) , a ∈ Hn(q, Q)

ìpou t′n = gn . . . g1tg1
−1 . . . gn

−1.

Apìdeixh:
H strathgik  thc apìdeixhc [Lam0] basÐzetai se meg�lo bajmì sthn apìdeixh thc

sun�rthshc Ðqnouc tou Ocneanu ìpwc aut  dÐnetai sto [Jon]. H apìdeixh ìti to tr
eÐnai kal� orismèno basÐzetai sto gegonìc ìti up�rqei kanonik  b�sh gia thnHn+1(q, Q)
tètoia ¸ste ta stoiqeÐa me touc uyhlìterouc deÐktec gn kai tn na emfanÐzontai to polÔ
mÐa for� se k�je lèxh. Piì sugkekrimèna:
H om�da Wn eÐnai upoom�da thc Wn+1 me deÐkth 2(n + 1). Sto [DJ ], oi R. Dipper kai
G.D. James èdeixan ìti èna pl rec sÔnolo antipros¸pwn dexi¸n sumplìkwn thc Wn

sthn Wn+1 eÐnai to:
Rn+1 := {1, sn . . . si | i = 1, . . . , n}

⋃
{sn . . . s1s0s1 . . . si | i = 0, 1, . . . , n gia s0 = t}

'Etsi k�je stoiqeÐo w ∈ Wn+1 mporeÐ na grafeÐ monadik� sthn morf 
w ∈ Wn   w = ux , ìpou u ∈ Wn kai x ∈ Rn+1 .

IsodÔnama, k�je stoiqeÐo w ∈ Wn+1 èqei mia apì tic akìloujec morfèc:
(a) w ∈ Wn

(b) w = usnv , u, v ∈ Wn

(c) w = usn . . . s1ts1 . . . sn , u ∈ Wn
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An�logh kat�stash èqoume kai sthn �lgebra Hecke Hn+1(q, Q). Dhlad  k�je
stoiqeÐo thc Hn+1(q, Q) mporeÐ na grafeÐ san grammikìc sunduasmìc stoiqeÐwn w,
kajèna apì ta opoÐa èqei mÐa akrib¸c apì tic akìloujec morfèc3:

(a) w ∈ Hn(q, Q)
(b) w = ugnv , u, v ∈ Hn(q, Q)
(c) w = utn , u ∈ Hn(q, Q) , tn = gn . . . g1tg1 . . . gn .

Aut  h kanonik  b�sh eÐnai isodÔnamh me thn akìloujh:
(a) w ∈ Hn(q, Q)
(b) w = ugnv , u, v ∈ Hn(q, Q)
(c) w = ut′n , u ∈ Hn(q, Q) , t′n = gn . . . g1tg1

−1 . . . gn
−1 .

Tèloc, gia thn Ôparxh tou tr ja qreiastoÔme thn apeikìnish cn : Hn⊕Hn⊕Hn⊗Hn−1

Hn −→ Hn+1 pou orÐzetai wc:
cn(a⊕ b⊕ c⊗ d) = a + bt′n + cgnd.

H cn eÐnai ènac isomorfismìc an�mesa se (Hn,Hn)-diprìtupa. T¸ra mporoÔme na
orÐsoume epagwgik� èna Ðqnoc, tr, sto H :=

⋃∞
n=1Hn(q, Q) wc exeÐc: Upojètoume

ìti to tr èqei oristeÐ sthn Hn(q, Q) kai èstw tuqaÐo x ∈ Hn+1(q, Q). Tìte up�rqoun
a, b, c, d ∈ Hn(q, Q) tètoia ¸ste x = cn(a⊕ b⊕ c⊗ d).

OrÐzoume tr(x) := tr(a) + s tr(b) + z tr(cd).

Autì to Ðqnoc ikanopoieÐ tic sunj kec 2), 3) kai 4) tou Jewr matoc 2.1. Mènei na
deÐxoume ìti isqÔei epÐshc kai h idiìthta 1) gia k�je x, y ∈ H. Autì to k�noume exet�-
zontac k�je dunat  perÐptwsh. Oi mìnec mh tetrimmènec peript¸seic eÐnai oi akìloujec
treic:

(a) tr(ugnvt′n) = tr(t′nugnv),
(b) tr(ugnvgn) = tr(gnugnv)

(c) tr(ut′nvt′n) = tr(t′nut′nv),
ìpou

i) u ∈ Hn−1 , v ∈ Hn−1 (tetrimmènh perÐptwsh),
ii) u = agn−1b , a, b ∈ Hn−1 kai v ∈ Hn−1,
iii) ìmoia me thn perÐptwsh ii) me th diafor� ìti oi rìloi twn u kai v

eÐnai antestrammènoi,
iv) u = agn−1b, v = cgn−1d , a, b, c, d ∈ Hn−1 .

3O algìrujmoc graf c enìc tuqaÐou stoiqeÐou san grammikìc sunduasmìc stoiqeÐwn thc kanonik c
b�shc perigr�fetai sto [GeP ].
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Tèloc parathr ste ìti èqontac apodeÐxei thn Ôparxh, h monadikìthta tou Ðqnouc prokÔptei
�mesa afoÔ dedomènou enìc w ∈ Hn(q, Q), eÐnai safèc ìti to tr(w) mporeÐ na upolo-
gisteÐ epagwgik� apo tic idiìthtec 1), 2), 3), 4) kai qrhsimopoi¸ntac thn grammikìthta.
SQOLIA: (1) An mia lèxh a ∈ Hn(q, Q) den perièqei kanèna t′i, ∀i = 0, . . . , n − 1
ìpou t0 = t, tìte gia ton upologismì tou tr(a) qreiazìmaste mìno tic idiìthtec 1), 2)
kai 3) tou Jewr matoc 2.1. 'Etsi to tr(a) eÐnai to Ðdio me to Ðqnoc tou Ocneanu efar-
mosmèno sto a kai to a mporeÐ na jewrhjeÐ wc stoiqeÐo thc �lgebrac Hecke A, Hn(q).
(2) H idiìthta 3) tou Jewr matoc 2.5 eÐnai aut  pou prosdÐdei ton qarakthrismì Ðqnoc
Markov stic sunart seic Ðqnouc.
(3) An den eÐqame qrhsimopoi sei ta stoiqeÐa t′n sthn pio p�nw kataskeu  den ja eÐqame
thn dunatìthta na orÐsoume to Ðqnoc me mìno tèsseric aploÔc kanìnec. O basikìc lìgoc
eÐnai ìti to B1,n analÔetai wc hmieujÔ ginìmeno thc klasik c om�dac kotsÐdwn Bn kai
thc eleÔjerhc upoom�dac thc P1,n, h opoÐa par�getai apì ta stoiqeÐa t, t′1, . . . , t

′
n−1:

B1,n = P1,n ×|Bn.

Epiplèon parathroÔme ìti ta t′i eÐnai suzug  metaxÔ touc kai kat� sunèpeia ja isqÔei
tr(t) = tr(t′1) = tr(t′2) = · · · = tr(t′i), ∀i ∈ IN,

pr�gma pou den isqÔei gia ta ti.

2.3 'Iqnh Markov gia genikeumènec kai kuklotomikèc

'Algebrec Hecke tÔpou B

2.3.1 Genikeumènec kai Kuklotomikèc 'Algebrec Hecke tÔpou

B
'Opwc eÐdame sthn Enìthta 2.2 h �lgebra Hecke tÔpou B, Hn(q, Q), eÐnai h �lgebra
phlÐko thc �lgebrac ZZ [q±1, Q±1]B1,n diairoÔmenh apì to ide¸dec pou par�getai apì tic
ekfr�seic t2 − (Q− 1)t−Q kai σ2

i − (q − 1)σi − q, ∀i.
An t¸ra katarg soume thn tetragwnik  sqèsh tou t kai p�roume to phlÐko thc

�lgebrac ZZ [q±1]B1,n diairoÔmenh apì to ide¸dec pou par�getai apì tic sqèseic σ2
i −

(q − 1)σi − q, ∀i, tìte prokÔptei mia �lgebra �peirhc di�stashc, pou ja sumbolÐzetai
Hn(q,∞) kai ja onom�zetai genikeumènh �lgebra Hecke tÔpou B bl. [Lam2]. Me gi

sumbolÐzoume thn eikìna tou σi sthn Hn(q,∞), en¸ o sumbolismìc ∞ epilèqjhke gia
na upodeiknÔei ìti o genn torac t den ikanopoieÐ kamÐa sqèsh opoioud pote bajmoÔ (�ra
mporeÐ na emfanisteÐ opoiadÐpote dÔnamh tk gia k ∈ ZZ, ìpwc isqeÐei kai sthn B1,n).

An jèsoume q = 1, tìte oi tetragwnikèc sqèseic paÐrnoun thn morf  g2
i = 1, gia

k�je i kai prokÔptei h antÐstoiqh genikeumènh om�da Coxeter tÔpou Bn, pou ja sum-
bolÐzetai wc Wn,∞. 'Etsi èqoume touc akìloujouc dÔo orismoÔc:



2.3. �IQNHMARKOV GIA GENIKEUM�ENES KAI KUKLOTOMIK�ES �ALGEBRESHECKE T�UPOU B33

ORISMOS 2.3 Genikeumènh �lgebra Hecke tÔpou B lègetai h �lgebra phlÐko pou
orÐzetai wc

Hn(q,∞) := ZZ[q±1] B1,n / < σi
2 = (q − 1) σi + q gia k�je i > .

ORISMOS 2.4 Genikeumènh om�da Coxeter tÔpou B lègetai h om�da phlÐko pou
orÐzetai wc

Wn,∞ := B1,n / < σi
2 = 1 gia k�je i > .

An ìmwc antÐ na katarg soume pl rwc thn tetragwnik  sqèsh tou t, jel soume na
tou epib�loume mia sqèsh pou dÐnetai apì èna kuklotomikì polu¸numo bajmoÔ d:

(t− u1)(t− u2) · · · (t− ud) = 0

ìpou u1, u2, . . . , ud ∈ CI, tìte prokÔptei mia peperasmènhc di�stashc �lgebra gnwst  wc
kuklotomik  �lgebra Hecke tÔpou B, Hn(q, d). ParathroÔme ìti an antikatast soume
tic paramètrouc u1, u2, . . . , ud me tic d rÐzec thc mon�dac, tìte prokÔptei h sqèsh

td = 1.

An epiprìsjeta apait soume g2
i = 1, gia k�je i, tìte prokÔptei h antÐstoiqh kuk-

lotomik  om�da Coxeter tÔpou B, pou ja sumbolÐzetai wc Wn,d. 'Ara èqoume touc
akìloujouc dÔo orismoÔc:

ORISMOS 2.5 'Estw R := ZZ[q±1, u±1
1 , . . . , u±1

d ], ìpou q, u1, . . . , ud ∈ CI. Kuklo-
tomik  �lgebra Hecke tÔpou B bajmoÔ d lègetai mÐa �lgebra-phlÐko pou orÐzetai wc:
Hn(q, d) := RB1,n / < σi

2 − (q − 1) σi − q∀i, (t− u1)(t− u2) · · · (t− ud)− 0 > .

ORISMOS 2.6 Kuklotomik  om�da Coxeter tÔpou B bajmoÔ d, d ∈ IN lègetai mÐa
om�da phlÐko pou orÐzetai wc:

Wn,d := B1,n/ < σi
2 = 1 ∀i, td = 1 > .

SQOLIA: 1) Gia d = 2 paÐrnoume thn klasik  �lgebra Hecke tÔpou B.
2) Sto Kef�laio 3 ja doÔme ìti tìso oi genikeumènec ìso kai oi kuklotomikèc �lgebrec
Hecke tÔpou B sqetÐzontai me thn jewrÐa kìmbwn mèsa se steraiì tìro kai m�lista oi
teleutaÐec apoteloÔn thn gèfura metaxÔ twn Hn(q, Q) kai Hn(q,∞)4.

4Gia leptomèriec blèpe [Lam2] Enìthta 2.
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2.3.2 Kataskeu  Iqn¸n Markov gia genikeumènec kai kuklo-

tomikèc 'Algebrec Hecke tÔpou B
'Opwc sthn �lgebra Hecke tÔpou B,Hn(q, Q), ètsi kai stic ∪∞n=1Hn(q,∞), ∪∞n=1Hn(q, d)
prokeimènou na kataskeu�soume grammik� Ðqnh Markov, qreiazìmaste kat�llhlec epag-
wgikèc b�seic kai gia touc dÔo autoÔc tÔpouc algebr¸n. H eÔresh twn kat�llhlwn
aut¸n b�sewn èqei gÐnei sto [Lam2], apì to opoÐo kai èqoume ta dÔo akìlouja basik�
jewr mata. Oi apodeÐxeic touc paraleÐpontai kaj¸c eÐnai arket� teqnikèc kai apaitoÔn
mia plhj¸ra apì l mmata kai jewr mata me apodeÐxeic epÐshc arket� teqnikèc.
JEWRHMA 2.2 K�je stoiqeÐo thc Hn+1(q,∞) antÐstoiqa thc Hn+1(q, d), mporeÐ na
grafteÐ kat� monadikì trìpo wc grammikìc sunduasmìc lèxewn thc akìloujhc morf c:

1) wn−1

2) wn−1gngn−1 . . . gi

3) wn−1gngn−1 . . . gi+1t
′
i
k, k ∈ ZZ antÐstoiqa ZZd

4) wn−1t
′
n

k, k ∈ ZZ antÐstoiqa ZZd

ìpou t′n = gn . . . g1tg1
−1 . . . gn

−1 kai ìpou wn−1 eÐnai lèxh thc Hn(q,∞) antÐstoiqa
Hn(q, d).
JEWRHMA 2.3 To sÔnolo

Σ = {t′i1
k1t′i2

k2 . . . t′ir
kr · σ}

gia 1 ≤ i1 < i2 < . . . < ir ≤ n, k1, . . . , kr ∈ ZZ antÐstoiqa ZZd, σ ∈ Hn+1(q) kai
ìpou t′ij = gij . . . g1tg1

−1 . . . gij
−1 me j = 1, . . . , r, apoteleÐ mia b�sh thc Hn+1(q,∞)

antÐstoiqa thc Hn+1(q, d).
H strathgik  kataskeu c twn iqn¸n Markov gia tic genikeumènec kai kuklotomikèc

�lgebrec Hecke tÔpou B pou parousi�zetai parak�tw apoteleÐ genÐkeush thc antÐs-
toiqhc strathgik c pou anaptÔqjhke sthn progoÔmenh enìthta, gia tic �lgebrec Hecke
tÔpou B. Sto ex c uiojetoÔme touc akìloujouc sumbolismoÔc: R := ZZ[q±1, u±1

1 , . . . , u±1
d , . . .]

kai me Hn ja sumbolÐzoume thn Hn(q,∞)   thn Hn(q, d). Epiplèon orÐzoume B :=⋃∞
n=1 B1,n kai H :=

⋃∞
n=1Hn.

JEWRHMA 2.4 'Estw z, sk ∈ CI me k ∈ ZZ antÐstoiqa ZZd kai k 6= 0. Tìte up�rqei
monadik  grammik  sun�rthsh

tr : H :=
∞⋃

n=1

Hn −→ R(z, sk), k ∈ ZZ antÐstoiqa ZZd

pou orÐzetai apì touc kanìnec:
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1) tr(ab) = tr(ba) a, b ∈ Hn

2) tr(1) = 1 gia k�je Hn

3) tr(agn) = z tr(a) a ∈ Hn

4) tr(at′n
k) = sk tr(a) a ∈ Hn, k ∈ ZZ antÐstoiqa ZZd

Gia thn apìdeixh tou Jewr matoc 2.4 eÐnai aparaÐthta k�poia l mmata kai prot�seic,
ta opoÐa ja parousiastoÔn eujÔc amèswc gia na mhn diakopeÐ h ro  thc apìdeixhc.
Prokeimènou na mhn up�rxei sÔgqush me touc deÐktec, ta ZZ , ZZd ja ta sumbolÐzoume
wc Z.
LHMMA 2.1 Gia ε ∈ {±1} isqÔoun stic ∪∞n=1Hn(q,∞), ∪∞n=1Hn(q, d) oi parak�tw
sqèseic:

(i) gi
ε = qε gi

−ε + (qε − 1),

gi
2ε = (qε − 1) gi

ε + qε, giaq 6= 0.

(ii) gi
ε(gk

±1g±1
k−1 . . . gj

±1) = (gk
±1g±1

k−1 . . . gj
±1)gi+1

ε, gia k > i ≥ j,

gi
ε(gj

±1g±1
j+1 . . . gk

±1) = (gj
±1g±1

j+1 . . . gk
±1)gi−1

ε, gia k ≥ i > j,

ìpou to prìshmo ±1 tou ekjèth eÐnai to Ðdio gia ìlouc touc genn torec.
(iii) gigi−1 . . . gj+1gjgj+1 . . . gi = gjgj+1 . . . gi−1gigi−1 . . . gj+1gj,

gi
−1g−1

i−1 . . . g−1
j+1gj

εgj+1 . . . gi = gjgj+1 . . . gi−1gi
εg−1

i−1 . . . g−1
j+1gj

−1.

(iv) gi
ε . . . gn−1

εgn
εgn

εgn−1
ε . . . gi

ε =

(qε − 1)
∑n−i

r=0 qεr (gi
ε . . . gn−r−1

εgn−r
εgn−r−1

ε . . . gi
ε) + qε(n−i+1) =∑n−i+1

r=0 (qε − 1)εrqεr (gi
ε . . . gn−r−1

εgn−r
εgn−r−1

ε . . . gi
ε),

ìpou εr = 1 an r ≤ n− i kai εn−i+1 = 0.

'Omoia,
gi

ε . . . g2
εg1

εg1
εg2

ε . . . gi
ε =

(qε − 1)
∑i−1

r=0 qεr (gi
ε . . . gr+2

εgr+1
εgr+2

ε . . . gi
ε) + qεi =∑i

r=0 (qε − 1)εrqεr (gi
ε . . . gr+2

εgr+1
εgr+2

ε . . . gi
ε),

ìpou εr = 1 an r ≤ i− 1 kai εi = 0.
(v) tλg1tg1 = g1tg1t

λ gia λ ∈ ZZ,

gitk
ε = tk

εgi gia k > i, k < i− 1,

giti = q ti−1gi + (q − 1) ti,

giti−1 = q−1 tigi + (q−1 − 1) ti,

giti−1
−1 = q ti

−1gi + (q − 1) ti−1
−1,

giti
−1 = q−1 ti−1

−1gi + (q−1 − 1) ti−1
−1.
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(vi) git
′
k
ε = t′k

εgi gia k > i, k < i− 1,

git
′
i
ε = t′i−1

εgi + (q − 1) t′i
ε + (1− q) t′i−1

ε,

git
′
i−1

ε = t′i
εgi.

(vii) ti
ktj

λ = tj
λti

k gia i 6= j kai k, λ ∈ ZZ.

(viii) t′i
k = gi . . . g1t

kg1
−1 . . . gi

−1 gia k ∈ ZZ.

Sthn Hn(q, d) ja èqoume:
(t′i − u1)(t

′
i − u2) . . . (t′i − ud) = 0, to opoÐo uponnoeÐ ìti t′i

d = ad−1t
′
i
d−1 + · · ·+ a0,

ìpou ad−1 = u1+· · ·+ud, ad−2 = −(u1u2+· · ·+ud−1ud), . . . , a0 = (−1)d(u1 . . . ud).
LHMMA 2.2 (Jemeli¸dec L mma ) Gia i, k ∈ IN kai gia ε ∈ {±1} isqÔoun ta
akìlouja gia thn Hn(q,∞) antÐstoiqa gia thn Hn(q, d):
(i) tεig1

εtεkg1
ε = g1

εtεkg1
εtεi+

(qε − 1) [tεg1
εtε(k+i−1) + t2εg1

εtε(k+i−2) + · · ·+ tεig1
εtεk]+

(1− qε) [tεkg1
εtεi + tε(k+1)g1

εtε(i−1) + · · ·+ tε(k+i−1)g1
εtε] kai

(ii) t−εig1
εtεkg1

ε = g1
εtεkg1

εt−εi+

(qε − 1) [tε(k−1)g1
εt−ε(i−1) + tε(k−2)g1

εt−ε(i−2) + · · ·+ tε(k−i)g1
ε]+

(1− qε) [t−ε(i−1)g1
εtε(k−1) + t−ε(i−2)g1

εtε(k−2) + · · ·+ g1
εtε(k−i)].

PROTASH 2.1 H sun�rthsh tr ikanopoieÐ tic akìloujec piì isqurèc ekdoqèc twn
idiot twn 3) kai 4) tou Jewr matoc 2.4:
(3') tr(agnb) = ztr(ab), gia k�je a, b ∈ Hn,
(4') tr(xt′n

ky) = sktr(xy),
gia k�je x, y ∈ Hn, k ∈ ZZ antÐstoiqa ZZd.

APODEIXH : H idiìthta (3') epalhjeÔetai eÔkola me qr sh thc epagwg c kai thc
grammikìthtac. Gia na apodeiqjeÐ h (4') arkeÐ na thn apodeÐxoume gia thn perÐptwsh ìpou
to y èqei thn morf  y = y1t

λy2, ìpou y1 eÐnai ginìmeno twn gi gia i = 1, . . . , n− 1, λ ∈
ZZ antÐstoiqa ZZd kai y2 mia tuqaÐa lèxh thc Hn. 'Etsi èqoume:

tr(xt′n
ky) = tr(xt′n

ky1t
λy2)

L mma 2.1(vi)
= tr(xy1t

′
n

ktλy2)

= tr(xy1gn . . . g1t
kg1

−1g2
−1 . . . gn

−1tλy2)
L mma 2.1(vi)

=

= tr(xy1gn . . . g1t
kg1

−1tλg2
−1 . . . gn

−1) =: A
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H teleutaÐa upogrammismènh èkfrash mac lèei ìti èqoume na exet�soume tèssera dunat�
endeqìmena exart¸mena apì to an ta k, λ eÐnai jetik�   arnhtik�. Ed¸ ja exet�soume thn
perÐptwsh ìpou ta k, λ eÐnai kai ta dÔo jetik�. Oi upìloipec peript¸seic apodeiknÔontai
me an�logo trìpo. Gia k, λ jetik� apì to L mma 2.2(i) èqoume:

g1t
kg1

−1tλ = tλg1t
kg1

−1 + (q−1 − 1) [tλ−1g1t
k+1 + · · ·+ g1t

k+λ]

+ (1− q−1) [tkg1t
λ + · · ·+ tk+λ−1g1t].

Kai me antikat�stash sto A prokÔptei ìti:
A = tr(xy1gn . . . g2t

λg1t
kg1

−1 . . . gn
−1y2)

+(q−1 − 1) [tr(xy1gn . . . g2t
λ−1g1t

k+1g2
−1 . . . gn

−1y2) + · · ·

+tr(xy1gn . . . g1t
k+λg2

−1 . . . gn
−1y2)]

+(1− q−1) [tr(xy1gn . . . g2t
kg1t

λg2
−1 . . . gn

−1y2) + · · ·

+tr(xy1gn . . . g2t
k+λ−1g1tg2

−1 . . . gn
−1y2)]

L mma 2.1(vi)
=

= tr(xy1t
λt′n

ky2)

+(q−1 − 1) [tr(xy1t
λ−1gn . . . g1g2

−1 . . . gn
−1tk+1y2) + · · ·

+tr(xy1gn . . . g1g2
−1 . . . gn

−1tk+λy2)]

+(1− q−1) [tr(xy1t
kgn . . . g1g2

−1 . . . gn
−1tλy2) + · · ·

+tr(xy1t
k+λ−1gn . . . g1g2

−1 . . . gn
−1ty2)]

L mma 2.1,(iii)
=

= tr(xy1t
λt′n

ky2)

+(q−1 − 1) [tr(xy1t
λ−1g1

−1 . . . gn−1
−1gn . . . g1t

k+1y2) + · · ·

+tr(xy1g1
−1 . . . gn−1

−1gn . . . g1t
k+λy2)]

+(1− q−1) [tr(xy1t
kg1

−1 . . . gn−1
−1gn . . . g1t

λy2) + · · ·

+tr(xy1t
k+λ−1g1

−1 . . . gn−1
−1gn . . . g1ty2)]

(3′)
=

= tr(xy1t
λt′n

ky2) + (q−1 − 1)z [tr(xy1t
λ+ky2)] + (1− q−1)z [tr(xy1t

k+λy2)]

= tr(xy1t
λt′n

ky2).

H idèa thc apìdeixhc tou Jewr matoc 2.4 eÐnai na kataskeuasteÐ sun�rthsh tr sth-
n ⋃∞n=1Hn epagwgik� qrhsimopoiìntac to Je¸rhma 2.2.

LHMMA 2.3 H apeikìnish
cn : (Hn ⊗Hn−1 Hn) ⊕k∈Z Hn −→ Hn+1
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pou dÐnetai apì ton tÔpo cn(a ⊗ b ⊕k ek) := agnb +
∑

k∈Z ekt
′
n

k eÐnai isomorfismìc
an�mesa se (Hn,Hn)-diprìtupa.

APODEIXH : Apì to Je¸rhma 2.2 prokÔptei ìti to parak�tw sÔnolo R∗
n (genÐkeush

tou Rn tou Jewr matoc 2.1) apoteleÐ b�sh thc Hn wc eleÔjero Hn−1-prìtupo:
L∗n := {gn−1gn−2 . . . gi | i = 1, . . . , n− 1}⋃{t′n−1

k | k ∈ Z}⋃
{gn−1gn−2 . . . g1t

kg1
−1 . . . gi

−1 | i = 1, . . . , n− 2, k ∈ Z, k 6= 0}.

Tìte èqoume: Hn =
⊕

b∈R∗
n
Hn−1b.

Sth sunèqeia qrhsimopoiìntac thn genik  idiìthta tou tanustikoÔ ginomènou èqoume:
Hn

⊗
Hn−1

Hn = Hn
⊗
Hn−1

(
⊕

b∈R∗
n
Hn−1 · b)

=
⊕

b∈R∗
n
(Hn

⊗
Hn−1

Hn−1b)

=
⊕

b∈R∗
n
Hnb.

'Etsi:
(Hn

⊗
Hn−1

Hn)
⊕

k∈Z Hn = (
⊕

b∈R∗
n
Hn · b)

⊕
k∈Z Hn.

'Omoia to parak�tw sÔnolo R∗
n+1 apoteleÐ b�sh thc Hn+1 wc eleÔjero Hn-prìtupo:

R∗
n+1 := {gngn−1 . . . gi | i = 1, . . . , n}⋃{t′nk | k ∈ Z}⋃
{gngn−1 . . . g1t

kg1
−1 . . . gi

−1 | i = 1, . . . , n− 1, k ∈ Z, k 6= 0}.

'Ara:
Hn+1 =

⊕
b∈R∗

n+1

Hnb.

Apì ta parap�nw èpetai ìti h cn eÐnai pr�gmati isomorfismìc an�mesa se (Hn,Hn)-
diprìtupa, kaj¸c up�rqei antistoiqÐa 1-1 kai epÐ stoiqeÐwn thc b�shc se stoiqeÐa tou
sunìlou R∗

n+1.
Apìdeixh Jewr matoc 2.4:

T¸ra mporoÔme na orÐsoume epagwgik� to Ðqnoc, tr, sthn H =
⋃∞

n=1Hn wc akoloÔ-
jwc: upojètoume ìti h sun�rthsh tr orÐzetai sthn Hn kai èstw tuqaÐo x ∈ Hn+1. Apì
to L mma 2.3 up�rqoun a, b, ek ∈ Hn, k ∈ Z, t.w:

x := cn(a⊗ b⊕k ek).

Tìte orÐzoume:
tr(x) := z · tr(ab) + tr(e0) +

∑
k∈Z

sk · tr(ek).
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h opoÐa eÐnai kal� orismènh. Epiplèon, ikanopoieÐ tic idiìthtec 2), 3) kai 4) twn upo-
jèsewn tou Jewr matoc 2.4. Prokeimènou na deÐxoume ìti h tr eÐnai sun�rthsh Ðqnouc
arkeÐ na deÐxoume ìti ikanopoieÐ thn idiìthta thc suzugÐac. Gi' autì exet�zoume th sqèsh
tr(ax) = tr(xa) gia k�je a, x ∈ H. AfoÔ h tr orÐzetai epagwgik�, deqìmaste ìti h
exetazìmenh sqèsh isqÔei gia k�je a, x ∈ Hn, kai ja thn deÐxoume gia a, x ∈ Hn+1. To
teleutaÐo arkeÐ na to deÐxoume gia tuqaÐo a ∈ Hn+1 kai gia x na eÐnai ènac apì touc
genn torec thc Hn+1. IsodÔnama arkeÐ na deÐxoume ìti:

tr(agi) = tr(gia) a ∈ Hn+1, i = 1, . . . , n

tr(at) = tr(ta) a ∈ Hn+1,

ìpou to α ja paÐrnei mÐa apì tic morfèc tou Jewr matoc 2.2. Sugkekrimèna ja èqoume
tic akìloujec tèsseric peript¸seic:

i) a = wn−1

ii) a = wn−1gngn−1 . . . gi

iii) a = wn−1gngn−1 . . . gi+1t
′
i
k, k ∈ ZZ antÐstoiqa ZZd

iv) a = wn−1t
′
n

k, k ∈ ZZ antÐstoiqa ZZd

An a = wn−1 kai x = t   x = gi gia i = 1, . . . , n− 1 o isqurismìc isqÔei apì epagwgik 
upìjesh, en¸ gia x = gn prokÔptei apì Prìtash 2.1(3') ìti tr(wn−1gn) = ztr(a) =
tr(gnwn−1).
An to a eÐnai thc morf c ii)   iii) kai x = t   x = gi gia i = 1, . . . , n − 1 efar-
mìzoume ta Ðdia epiqeir mata ìpwc pio p�nw k�nontac qr sh thc (3'). 'Etsi mènei na
exet�soume tic peript¸seic ìpou a = wn−1gngn−1 . . . gi   a = wn−1gngn−1 . . . gi+1t

′
i
k kai

x = gn, dhlad 
tr(wn−1gngn−1 . . . gign) = tr(gnwn−1gngn−1 . . . gi)

tr(wn−1gngn−1 . . . gi+1t
′
i
kgn) = tr(gnwn−1gngn−1 . . . gi+1t

′
i
k)

(∗)

An to a eÐnai thc morf c iv) kai x = t   x = gi gia i = 1, . . . , n−1 èqoume na exet�soume
tic isìthtec:

tr(wn−1t
′
n

kt) = tr(twn−1t
′
n

k)

tr(wn−1t
′
n

kgi) = tr(giwn−1t
′
n

k)
(∗∗)

Tèloc an to a eÐnai thc morf c iv) kai x = gn èqoume na exet�soume thn isìthta:
tr(wn−1t

′
n

kgn) = tr(gntwn−1t
′
n

k) (∗ ∗ ∗)

Oi sqèseic (∗), (∗∗) kai (∗ ∗ ∗) apodeiknÔontai me qr sh twn kanìnwn (3') kai (4') thc
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Prìtashc 2.1, tou L mmatoc 2.2 kai tou L mmatoc 2.1.
H idiìthta 3) antanakl� thn idiìthta Markov kai ètsi, apì thn stigm  pou h

sun�rthsh tr eÐnai Ðqnoc, sunep�getai ìti ja eÐnai kai Ðqnoc Markov. Tèloc h monadikìth-
ta tou Ðqnouc tr prokÔptei �mesa kaj¸c gia k�je x ∈ Hn+1, to tr(x) mporeÐ na upolo-
gisteÐ epagwgik� me qr sh mìno twn idiot twn 1), 2), 3), 4) kai thc grammikìthtac.

o.e.d.

2.4 Taxinìmhsh twn Iqn¸n Markov gia 'Algebrec

Hecke tÔpou B

2.4.1 Sunart seic 'Iqnouc se 'Algebrec Hecke tÔpou B
'Estw w ∈ Wn kai upojètoume ìti èqoume mia meiwmènh èkfrash autoÔ wc ginìmeno twn
gennhtìrwn t, s1, . . . , sn−1. Tìte, h antÐstoiqh èkfrash tou w sthn Hn := Hn(q, Q)
wc proc touc gen torec t, g1, . . . , gn−1 eÐnai anex�rthth apì thn epilegmènh meiwmènh
èkfras  tou w. 'Etsi to stoiqeÐo autì sthn Hn, mporoÔme na to sumbol soume monos -
manta wc gw. EÐnai gnwstì ìti to sÔnolo {gw|w ∈ Wn} dhmiourgeÐ mia A-b�sh gia thn
Hn, ìpou A ènac antimetajetikìc daktÔlioc me mon�da. 'Etsi ja èqoume tic akìloujec
sqèseic.

gwgw′ = gww′ an l(ww′) = l(w) + l(w′). (2.1)

To sÔnolo Rn (tou Jewr matoc 2.1) mporeÐ na p�rei thn akìloujh morf ,
Rn := {1, tn−1,

sn−1sn−2 · · · sn−k (1 ≤ k ≤ n− 1),
sn−1sn−2 · · · sn−ktn−k−1 (1 ≤ k ≤ n− 1)}.

(Parat rhse ìti R1 = {1, t}.) Tìte k�je stoiqeÐo w ∈ Wn mporeÐ na grafeÐ monadik�
sthn akìloujh morf , w = r1 · · · rn ìpou ri ∈ Ri. Mia tètoia èkfrash tou w eÐnai
meiwmènh (eÔkolo) ki ètsi èqoume l(w) = l(r1) + . . . + l(rn).
Epiplèon èstw Dn := {1, sn−1, tn−1} ⊆ Rn. To Dn eÐnai to sÔnolo twn epilegmèn-
wn antipros¸pwn twn dipl¸n sumplìkwn thc om�dac Wn−1 sto Wn (blèpe..[]..).
'Etsi k�je r ∈ Rn mporeÐ na grafeÐ kata monadikì trìpo sthn morf  r = dr

′ ìpou
d ∈ Dn kai r

′
= 1   r

′
= sn−2 · · · sn−k   r

′
= sn−2 · · · sn−ktn−k−1, dhlad  r

′ ∈ Rn−1.
OrÐzoume,

T ′i := σiσi−1 · · ·σ1Tσ−1
1 · · ·σ−1

i−1σ
−1
i ∈ W̃n gia k�je 0 ≤ i ≤ n− 1
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K�je T ′i antistoiqeÐ sto ti mèso tou epimorfismoÔ W̃n → Wn ki ètsi wc D′n ⊆ R′
n ⊆ W̃n

ja sumbolÐzoume ta an�loga sÔnola twn Dn ⊆ Rn ⊆ Wn, ìpou ta ti èqoun antikatas-
tajeÐ apì ta T ′i .
Parat rhsh
Gia k�je i, j ta stoiqeÐa ti kai tj antimetatÐjentai metaxÔ touc (eÔkolo gewmetrik�). Gia
ta T ′i kai T ′j ∈ W̃n autì eÐnai alhjèc mìno se pijan  allag  k�poiwn antistrìfwn twn s-
toiqeÐwn tou orismoÔ touc. Etsi orÐzoume ta akìlouja stoiqeÐa. Gia k�je j ∈ {1, . . . , i}
orÐzoume

T ′i,j := σ±1
i · · ·σ±1

j+1σjσj−1 · · ·σ1Tσ−1
1 · · ·σ−1

j−1σ
−1
j σ∓1

j+1 · · ·σ∓1
i

= σ±1
i · · ·σ±1

j+1T
′
jσ
∓1
j+1 · · ·σ∓1

i

('Oloi oi antÐstrofoi mèqri ton deÐkth j eÐnai sthn swst  jèsh kai gia touc upìloipouc
megalÔterouc deÐktec, h antistrof  mporeÐ na mpei eÐte sthn dexi� eÐte sthn arister 
pleur�.)
Tèloc wc D′n,j orÐzoume to sÔnolo pou apoteleÐtai apì ta 1, σn−1 kai apì ìla ta pijan�
stoiqeÐa thc morf c T ′n−1,j. 'Omoia orÐzoume kai to R′

n,j. San sÔmbash, ta stoiqeÐa tou
D′n,0 ja ta sumbolÐzoume d∗n.
To akìloujo l mma deÐqnei ìti to ginìmeno thc morf c T ′iT

′
j me i < j, isoÔtai me T ′j,iT

′
i .

LHMMA 2.4
(a) σiT

′
m = T ′mσi kai σ−1

i T ′m = T ′mσ−1
i gia k�je i 6= m, m + 1.

(b) T ′iT
′
m = σm · · ·σi+2σ

−1
i+1σi · · ·σ1Tσ−1

1 · · ·σ−1
i σi+1σ

−1
i+2 · · ·σ−1

m T ′i gia k�je i < m.
(c) σm−1 · · ·σm−kT

′
m−k−1T

′
m = T ′m,m−1σm−1 · · ·σm−kT

′
m−k−1 gia k�je 0 ≤ k ≤ m− 1.

APODEIXH : Oi sqèseic tou orismoÔ thc W̃n sunep�gontai tic akìloujec sqèseic:
Tσ−1

i = σ−1
i T, an i > 1,

σiσ
−1
j = σ−1

j σi, an |i− j| > 1,
σ1σi+1σ

−1
i = σ−1

i+1σiσi+1, an 1 ≤ i ≤ n− 2,
σ−1

1 Tσ1T = Tσ1Tσ−1
1 .

H epibebaÐwsh t¸ra twn a), b), c) prokÔptei eÔkola apì aploÔc upologismoÔc.
'Estw t¸ra èna stoiqeÐo thc morf c d1 · · · dn ∈ W̃n me di ∈ D′i gia k�je i. An sul-
lèxoume mazÐ mh tetrimmènouc ìrouc me diadoqikoÔc deÐktec, paÐrnoume mia anasÔnjesh
autoÔ tou stoiqeÐou wc ginìmeno proshmasmènwn mplìk. Sugkekrimèna, jetikì, antÐs-
toiqa arnhtikì, mplok m kouc m + 1 ≥ 0 sthn W̃n, eÐnai èna stoiqeÐo thc morf c:

σi+1σi+2 · · ·σi+m antÐstoiqa T ′iσi+1 · · ·σi+m
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ìpou m, i ≥ 0. An èna tètoio stoiqeÐo to sumbolÐsoume wc b(i, m) tìte
d1 · · · dn = b(i1, m1)b(i2, m2)b(i3, m3) · · · , ìpou i2 > i1 + m1, i3 > i2 + m2, . . . (∗)

Oi eikìnec twn stoiqeÐwn T ′i , T ′i,j ∈ W̃n mèsw tou epimorfismoÔ AW̃n → Hn eÐnai stoiqeÐa
thc Hn ta opoÐa eÐnai kal� orismèna (lìgo tou ìti ta gi eÐnai antistrèyima afoÔ to q me
thn seir� tou eÐnai antistrèyimo sto A) kai ja ta sumbolÐzoume wc t′i kai t′i,j antÐstoiqa.EpÐshc ja gr�foume

D′n := {1, gn−1, t
′
n−1}

kai ìmoia gia ta R′
n,D′n,i kai R′

n,i. 'Etsi ìla ta apotelèsmata pou sqetÐzontai me
eidikèc peript¸seic antimetajèsewn kai suzugÐac stoiqeÐwn thc W̃n(blèpe L mmata 2.4
kai 2.5), metafèrontai dÐqwc allagèc sthn Hn.

'Estw w ∈ Wn, to opoÐo sÔmfwna me ta prohgoÔmena èqei thn morf  w = r1 · · · rn

ìpou ri ∈ Ri gia k�je i. AfoÔ h èkfrash eÐnai meiwmènh ja èqoume ìti gw = gr1 · · · grn .'Estw ìti gia k�je ri, r′i ∈ R′
i eÐnai to antÐstoiqo stoiqeÐo sthn Hn(ìpou ta σj è-

qoun antikatastajeÐ apì ta gjkai ta tj apì ta t′j). 'Estw epÐshc nw ≥ 0 to sunolikì
pl joc twn antistrìfwn twn ìrwn r′1, . . . , r

′
n. K�nontac t¸ra qr sh tou tÔpou tou g−1

i ,
prokÔptei ìti

gw = qnwr′1 · · · r′n + A− grammikì sundiasmì stoiqeÐwn gv me l(v) < l(w).

Apì to teleutaÐo prokÔptei ìti ta stoiqeÐa {r′1 · · · r′n|r′i ∈ R′
i}, sqhmatÐzoun mia A-b�sh

gia thn Hn.
Parathr seic
(1) 'Estw C = {C} to sÔnolo twn kl�sewn suzugÐac thc Wn kai èstw wC to stoiqeÐo
me to mikrìtero m koc se mia kl�sh C to opoÐo anasunjètetai wc ginìmeno arnhtik¸n
mplok (pou eÐnai diatettagmèna kat� auxanìmeno m koc) akoloujoÔmena apì poik la
jetik� mplìk (blèpe sel. 41). An epiplèon apait soume ta jetik� mplìk na eÐnai diate-
tagmèna kata auxanìmeno m koc, mporoÔme na epilèxoume kat� monadikì tropo kai ètsi
na sugkekrimenopoi soume to epilegmèno wC . 'Etsi mporoÔme na orÐsoume to stoiqeÐo
gC ∈ Hn paÐrnontac thn èkfrash wC = d1 · · · dn (ìpou di ∈ Di) kai antikajist¸n-
tac k�je si me gi kai k�je ti me t′i. SÔmfwna me thn teleutaÐa isìthta ja èqoume (me
nC := nwC

) ìti:
gwC

= qnCgC + A− grammikì sunduasmì stoiqeÐwn gv me l(v) < l(wC).

(2) Mia A-grammik  sun�rthsh φ : Hn → A ja onom�zetai sun�rthsh Ðqnouc an
φ(hh′) = φ(h′h), ∀h, h′ ∈ Hn. K�je sun�rthsh Ðqnouc sthn Hn eÐnai monadik� pros-
diorismènh apì tic timèc tic sta stoiqeÐa gwC

∀C ∈ C(blèpe [G − P ]). AntÐstrofa,
dedomènou enìc sunìlou stoiqeÐwn αC ∈ A, èna gia k�je kl�sh suzugÐac C, up�rqei
monadik  sun�rthsh Ðqnouc φ thc Hn tètoia ¸ste φ(gwC

) = αC , ∀C. Qrhsimopoiìntac
tic prohgoÔmenec sqèseic sumperaÐnoume ìti ta apotelèsmata tou prosdiorismoÔ twn



2.4. TAXIN�OMHSH TWN IQN�WNMARKOV GIA �ALGEBRESHECKE T�UPOU B43

sunart sewn Ðqnouc, paramènoun ègkura akìma kai ìtan antikatast soume k�je gwCme gC , gia k�je C.

To akìloujo apotèlesma (gia apìdeixh blèpe [GeL], sel. 200) deÐqnei ìti oi upol-
ogismoÐ gia thn tim  miac sun�rthshc Ðqnouc se èna stoiqeÐo an�gontai stic timèc twn
stoiqeÐwn pou èqoun thn morf  proshmasmènwn mplìk.
PROTASH 2.2 Gia k�je h ∈ Hn up�rqei èna peperasmèno (mh kenì) uposÔnolo
I(h) ⊆ A×D′1,0 × · · · × D′n,0 tètoio ¸ste

φ(h) =
∑

(r,d∗1,...,d∗n)∈I(h)

rφ(d∗1 · · · d∗n),

gia k�je sun�rthsh Ðqnouc φ thc Hn.
APODEIXH : O isqurismìc thc prìtashc isqÔei gia n = 1. 'Estw t¸ra 1 < j ≤ n
kai upojètoume ìti èqoume eÐdh brei èna peperasmèno (mh kenì) uposÔnolo Ij ⊆ Hj ×
D′j+1,j−1 × · · · × D′n,j−1 tètoio ¸ste

φ(h) =
∑

(hj ,d′j+1,...,d′n)∈Ij

rφ(hjd
′
j+1 · · · d′n),

gia k�je sun�rthsh Ðqnouc φ thc Hn. Ja suneqÐsoume me fjÐnousa epagwg  sto j.
Gia n = j den up�rqei tÐpota na deÐxoume. T¸ra ja deÐxoume ton an�logo isqurismì,
èqontac antikatast sei to j me to j − 1. Autì gÐnetai wc akoloÔjwc.

Exet�zoume èna stoiqeÐo thc morf c (hj, d
′
j+1, . . . , d

′
n) ∈ Ij. To stoiqeÐo hj eÐnai ènac

A-grammikìc sundiasmìc twn stoiqeÐwn thc b�shc gw me w ∈ Wj. Apì thn prohgoÔmenh
suz thsh, autì mporeÐ na grafeÐ wc A-grammikìc sunduasmìc ginomènwn r′1 · · · r′j me
r′i ∈ R′

i. Epilègontac ìrouc me stajer  tim  sto r′j, paÐrnoume èna peperasmèno (mh
kenì) uposÔnolo R(hj) ⊆ Hj−1 ×R′

j tètoio ¸ste
hj =

∑
(hj−1,r′j)∈R(hj)

hj−1r
′
j.

EpÐshc èqoume ìti r′j = d′jr
′′
j−1 me d′j ∈ D′j kai r′′j−1 ∈ R′′

j−1. T¸ra to stoiqeÐo r′′j−1eÐte eÐnai k�poio ginìmeno twn gennhtìrwn g1, . . . , gj−2 eÐte eÐnai ìpwc to stoiqeÐo pou
exet�same sto L mma 2.4(c). Se k�je perÐptwsh antimetatÐjetai me to d′j+1 me pijanèc
allagèc se k�poiouc antÐstrofouc me deÐktec megalÔterouc apì j − 2 kai ìmoia gia to
d′j+2, . . . , d

′
n. 'Etsi sumperaÐnoume ìti

hjd
′
j+1 · · · d′n =

∑
(hj−1,r′j)∈R(hj)

hj−1r
′
jd
′
jd
′′
j+1 · · · d′′nr′′j−1,

ìpou d′′j+1 ∈ D′j+1,j−2, . . . , d
′′
n ∈ D′n,j−2. Wc epakìloujo èqoume ìti

φ(h) =
∑

(hj ,d′j+1,...,d′n)∈Ij

∑
(hj−1,r′j)∈R(hj)

φ(r′′j−1hj−1r
′
jd
′
jd
′′
j+1 · · · d′′n).
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MporoÔme na sundu�soume ta sÔnola deikt¸n se èna nèo sÔnolo Ij−1 ⊆ Hj−1×D′j,j−2×
· · ·×D′n,j−2 kai prokÔptei mia nèa èkfrash ìpwc h prohgoÔmenh èqontac to j antikatas-
tajeÐ apì to j− 1. Thn diadikasÐa aut  thn epanalamb�noume e¸c ìtou j = 1, ìpou ja
èqoume H1 = 〈1, t〉 = 〈D′1〉 me to opoÐo kai oloklhr¸netai h apìdeixh.

2.4.2 'Iqnh Markov se 'Algebrec Hecke tÔpou B
O Jones sto [Jon, sel. 346] ègraye ìti Ðswc up�rqei an�logo tou Ðqnouc tou Ocneanu,
gia �llec �lgebrec Hecke pèran thc �lgebrac Hecke A. To Ðqnoc pou dìjhke sto
[Lam1]  tan to pr¸to an�logo pou dìjhke gia �lgebrec Hecke tÔpou B. Sthn up-
oenìtita aut , parousi�si�zoume to Je¸rhma Taxinìmishc (gia apìdeixh blèpe [GeL,
sel. 203]) twn iqn¸n Markov gia �lgebrec Hecke tÔpou B, efìson pr¸ta parousi�-
soume to akìloujo l mma to opoÐo perigr�fei èna sÔnolo stoiqeÐwn thc H, to opoÐo
eÐnai arketì gia ton prosdiorismì tou Ðqnouc Markov τ . 'Estw H :=

⋃∞
n=1Hn. Tìte

èqoume:
LHMMA 2.5 'Estw τ : H → A Ðqnoc Markov me par�metro z ∈ A.
(a) An n ≥ 1, m ≥ 0 kai h ∈ Hn, tìte

τ(hgnt
′
n+1 · · · t′n+m) = zτ(ht′n · · · t′n+m−1)

kai
τ(ht′n+1 · · · t′n+m) = τ(ht′n · · · t′n+m−1)

(b) An h = d1 · · · dn ∈ H ìpou di ∈ D′i, ∀i, tìte
τ(h) = zα(h)τ(t′0t

′
1 · · · t′b(h)−1)

ìpou α(h) eÐnai to pl joc twn di ∈ {g1, . . . , gn−1} kai b(h) eÐnai to pl joc twn di pou
eÐnai suzug  me to t.
(c) To τ prosdiorÐzetai monadik� apì tic timèc pou paÐrnei sta stoiqeÐa tou sunìlou

{t′0t′1 · · · t′k−1|k = 1, 2, . . .}.

APODEIXH : H sqèsh (a) ja apodeiqjeÐ me epagwg  sto m. An m = 0 mporoÔme na
efarmìsoume kateujeÐan ton kanìna (3) tou Jewr matoc 2.1. Ac upojèsoume t¸ra ìti
m > 0. Tìte èqoume na upologÐsoume thn èkfrash

τ(hgnt
′
n+1 · · · t′n+m).

'Omwc t′n+1 = gn+1t
′
ng
−1
n+1 kai parathroÔme ìti to g−1

n+1 antimetatÐjetai me ta t′n+2, . . . , t
′
n+mapì to L mma 2.4(a). AfoÔ to τ eÐnai Ðqnoc h èkfras  mac eÐnai isodÔnamh me thn

τ(g−1
n+1hgngn+1t

′
nt
′
n+2 · · · t′n+m).
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T¸ra, to h ∈ Hn pou sunep�getai ìti emperièqei mìno gen torec thc morf c t, g1, . . . , gn−1.
'Etsi to h antimetatÐjetai me to g−1

n+1. Qrhsimopoi¸ntac epiplèon th sqèsh g−1
n+1gngn+1 =

gngn+1g
−1
n , h teleutaÐa èkfrash paÐrnei th morf 

τ(hgngn+1g
−1
n t′nt

′
n+2 · · · t′n+m).

An k�noume thn antikat�stash t′n = gnt
′
n−1g

−1
n , tìte o ìroc gn pou brÐsketai sta

arister� ja akurwjeÐ kai tìte to gn+1 ja antimetatejeÐ me to t′n−1. Ki ètsi h èkfras 
mac gÐnetai

τ(hgnt
′
n−1gn+1g

−1
n t′n+2 · · · t′n+m).

To stoiqeÐo g−1
n antimetatÐjetai me ìlouc tou ìrouc pou brÐskontai sta dexi� tou. 'Etsi

h èkfras  mac eÐnai isodÔnamh me
τ(g−1

n hgnt
′
n−1gn+1t

′
n+2 · · · t′n+m).

OrÐzoume h′ := g−1
n hgnt

′
n−1 kai parathroÔme ìti to stoiqeÐo autì an kei sto Hn+1. 'Etsi

mporoÔme na efarmìsoume thn epagwg  ap' ìpou prokÔptei ìti:
τ(hgn t′n+1 · · · t′n+m︸ ︷︷ ︸

#m

) = τ(h′gn+1 t′n+2 · · · t′n+m︸ ︷︷ ︸
#m−1

) = zτ(h′t′n+1 · · · t′n+m−1).

Antikajist¸ntac p�li thn èkfrash tou h′, parathroÔme ìti to g−1
n antimetatÐjetai me

to t′n+1 · · · t′n+m−1 kai katal goume ìti:
τ(h′t′n+1 · · · t′n+m) = τ(hgnt

′
n−1g

−1
n t′n+1 · · · t′n+m−1) = τ(ht′nt

′
n+1 · · · t′n+m−1).

Lamb�nontac up' ìyin mac ta prohgoÔmena oloklhr¸netai h apìdeixh gia thn pr¸th
sqèsh tou (a). H apìdeixh gia thn deÔterh prokÔptei me an�logouc upologismoÔc
(antikajist¸ntac to gn me to 1). Gia na apodeiqjeÐ to (b) exet�zoume to stoiqeÐo thc
morf c

h = d1 · · · dn ∈ Hn ìpou di ∈ D′i, ∀i.

Qrhsimopoiìntac to (a) kai epagwg  sto n katal goume ìti
τ(h) = zα(h)τ(t′0t

′
1 · · · t′b(h)−1)

ìpou α(h) eÐnai to pl joc twn di ∈ {g1, . . . , gn−1} kai b(h) eÐnai to pl joc twn di pou
eÐnai suzug  me to t. Tèloc lamb�nontac up' ìyin mac tic dÔo parathr seic prin thn
Prìtash 2.2, katal goume sto sumpèrasma ìti autèc oi exis¸seic (pou prokÔptoun apì
ton isqurismì (c) ), prosdiorÐzoun to τ monadik� to opoÐo kai apodeiknÔei to (c).

JEWRHMA 2.5 'Estw z, y1, y2, . . . ∈ A. Tìte up�rqei monadikì Ðqnoc Markov τ
sthn H me par�metro z tètoio ¸ste

τ(t′0t
′
1 · · · t′k−1) = yk , ∀k ≥ 1.
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Skiagr�fish Apìdeixhc:
H monadikìthta èqei  dh apodeiqjeÐ sto L mma 2.5. Lamb�nontac up' ìyin mac tic dÔo
parathr seic prin thn Prìtash 2.2, mporoÔme na orÐsoume mia sun�rthsh Ðqnouc τ sthn
H ikanopoiìntac tic sqèseic τ(1) = 1 kai

τ(gC) = zαyb

ìpou gC = d1 · · · dn me di ∈ D′i, ∀i kai ta stoiqeÐa α = α(gC), b = b(gC) eÐnai orismèna
ìpwc kai sto L mma 2.5. 'Etsi oi sunj kec (1) kai (2) tou OrismoÔ 1.6 ikanopoioÔntai
kai mènei na deÐxoume ìti to Ðdio isqÔei kai gia th sunj kh (3).

Autì ja apodeiqjeÐ me epagwg . 'Estw H(≤N) gia N≥0 ènac A-upìqwroc thc H
pou par�getai apì ìla ta stoiqeÐa gw, w ∈ W kai l(w) ≤ N . AkoloÔjwc apodeiknÔoume
ton akìloujo isqurismì gia k�je N≥0.
(∗) 'Estw h ∈ H kai d∗n+i ∈ D′n+i,0 (gia n, m ≥ 1 kai i = 1, . . . ,m) tètoia ¸ste
hd∗n+1 · · · d∗n+m ∈ H(≤ N). Tìte

τ(hd∗n+1 · · · d∗n+m) = τ(hdn+1 · · · dn+m)

kai
τ(hgnd

∗
n+2d

∗
n+3 · · · d∗n+m) = zτ(hd∗n+2 · · · d∗n+m).

An autì apodeiqjeÐ gia k�je N, tìte to τ ja ikanopoieÐ thn sunj kh (3) tou OrismoÔ
1.6 wc eidik  perÐptwsh, me to opoÐo kai oloklhr¸netai h apìdeixh.

o.e.d.



Kef�laio 3

Ta An�loga tou PoluwnÔmou Jones
2-metablht¸n ston Stereì Tìro

3.1 Kìmboi ston Stereì Tìro

EÐnai gnwstì ìti k�je stereì tìro M mporoÔme na ton doÔme kai wc to sumpl rwma
sthn S3 enìc �llou stereoÔ tìrou Î, dhlad  ja isqÔei M = S3\Î. 'Etsi touc kìmbouc
ston M mporoÔme na touc anaparast soume apì meiktoÔc kìmbouc thn S3 upì thn ènnoia
ìti emperièqoun ton sumplhrwmatikì stereì tìro upì th morf  thc apl c kleist c kam-
pÔlhc Î(blèpe Sq. 3.1). Epiplèon gia na apofÔgoume tuqìn as�fiec, stajeropoioÔme
shmeiak� mia probol  thc Î kai thc prosdÐdoume prosanatolismì. 'Etsi k�je kìmboc L
ston M anaparÐstatai monadik� apo ton meiktì kìmbo Î ∪L sthn S3. Kata sunèpeia wc
di�gramma meiktoÔ kìmbou mporoÔme na orÐsoume mia kanonik  probol  Î ∪ L̃ tou Î ∪L
sto epÐpedo thc stajeropoihmènhc probol c tou Î.

Sq ma 3.1: Anapar�stash enìc kìmbou mèsa ston tìro, wc meiktìc kìmboc.

H ènnoia thc isotopÐac gia kìmbouc ston stereì tìro orÐzetai ìpwc kai h isotopÐa
sthn S3. ProtimoÔme ìmwc na metafr�soume thn isotopÐa ston M se isotopÐa meik-
t¸n kìmbwn sthn S3, prokeimènou na melet soume kìmbouc ston M qrhsimopoi¸ntac
apotelèsmata thc klasik c jewrÐac kìmbwn. Pr�gmati, isqÔei to ex c: oi L1 kai L2

47
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eÐnai isotopikoÐ kìmboi sto M an kai mìno an oi meiktoÐ kìmboi Î ∪ L1 kai Î ∪ L2 eÐnai
isotopikoÐ sthn S3, mèso isotopÐac pou krat�ei to Î stajerì sto epÐpedo probol c tou.
Apì thn skopi� twn diagramm�twn, prostÐjentai (prokaloÔntai) dÔo epiplèon (topikèc)
kin seic isotopÐac metaxÔ twn meikt¸n diagramm�twn ìpwc faÐnetai sto Sq ma 3.2, ìpou
to Î summetèqei “pajhtik�”.

Sq ma 3.2: Kin seic isotopÐac metaxÔ twn meikt¸n diagramm�twn.
'Etsi prokÔptei to akìloujo je¸rhma:
JEWRHMA 3.1 ( Je¸rhma Reidemeister gia kìmbouc ston steraiì tìro)
DÔo kìmboi ston M eÐnai isotopikoÐ an kai mìno an dÔo antÐstoiqa meikt� diagr�mma-
ta aut¸n sthn S3 diafèroun kata kin seic isotopÐac epipèdou kai kat� peperasmènh
akoloujÐa twn tri¸n kin sewn Reidemeister gia to klasikì mèroc tou meiktoÔ kìmbou
kaj¸c kai twn meikt¸n kin sewn Reidemeister ìpwc tou Sq. 3.2.

Apì ta parap�nw eÔkola sumperaÐnoume to akìloujo, to opoÐo qarakthrÐzetai san
èlegqoc m -isotopÐac:
Dedomènwn dÔo kìmbwn ston M, sthn er¸thsh an eÐnai isotopikoÐ   ìqi, touc exet�-
zoume san kìmbouc sthn S3 kai an mporoÔme na sumper�noume ìti dèn eÐnai isotopikoÐ
sthn S3, tìte den eÐnai oÔte ston M.

3.2 Jewr mata Alexander kai Markov gia Kìmbouc

ston Stereì Tìro

'Opwc èqoume  dh dei ènac klasikìc trìpoc gia na ex�goume apotelèsmata gia touc
kìmbouc eÐnai h melèth twn kotsÐdwn. Sthn prohgoÔmenh enìthta eÐdame ìti ènac kìm-
boc ston stereì tìro anaparÐstatai monadik� apì ènan meiktì kìmbo sthn S3. EÔkola
loipìn k�poioc mporeÐ na skefteÐ ìti prokeimènou na prokÔyei apì ton kìmbo autìn mia
kotsÐda, arkeÐ na efarmìsei ston meiktì kìmbo opoiod pote algìrujmo-apìdeixh, tou
klasikoÔ jewr matoc Alexander1. Tìte ìmwc prokÔptei to akìloujo prìblhma: Kat�

1Up�rqei mia poikilÐa apì apodeÐxeic tou jewr matoc Alexander, k�je mÐa apì tic opoÐec dÐnei kai
ènan diaforetikì algìrujmo gia thn kataskeu  miac kotsÐdac apì èna di�gramma kìmbou.
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thn diadikasÐa metatrop c tou meiktoÔ kìmbou se kotsÐda endèqetai na katal xoume se
perissìterec apì mÐa klwstèc gia ton sumplhrwmatikì stereì tìro Î, kai ètsi met� to
kleÐsimì tou to Î den ja èqei parameÐnei aparaÐthta wc eÐqe, dhlad  stajerì. Se autì
to shmeÐo ac jumijoÔme ton orismì thc kotsÐdac tÔpu B. OdhgoÔmaste sto sumpèrasma
ìti an xeper�soume to sugkekrimèno prìblhma tìte oi kotsÐdec pou ja katal goume ja
mporoÔsan na eÐnai kotsÐdec tÔpou B. Pr�gmati, ìpwc ja doÔme lÐgo pio k�tw, autì
mac to exasfalÐzei to Je¸rhma Alexander gia ton stereì tìro.
Tic kotsÐdec tÔpou B mporoÔme na tic orÐsoume gewmetrik� kai mèsw twn meikt¸n kìmb-
wn, apodÐdont�c touc me èmmeso trìpo thn idiìthta pou tic qarakthrÐzei apì ton orismì
touc sto Kef�laio 2.
'Etsi èqoume ton akìloujo enallaktikì orismì:
ORISMOS 3.1 (Enallaktikìc orismìc twn kotsÐdwn Artin tÔpou B) Meikt 
kotsÐda I ∪ B, onom�zetai k�je kotsÐda sthn S3 thc opoÐac to kleÐsimo apoteleÐ enan
meiktì kìmbo, ìpou h stajer  sunist¸sa tou èqei prokÔyei apì to kleÐsimo thc pr¸thc
klwst c I(blèpe Sq ma 2.1). H arÐjmish stic klwstèc thc meikt c kotsÐdac gÐnetai
aparijm¸ntac mìno to klasikì thc mèroc.
Wc epakìloujo tou OrismoÔ 3.1, tic kotsÐdec Artin tÔpou B ja tic onom�zoume kai
meiktèc kotsÐdec.
Qreiazìmaste loipìn mia diadikasÐa metatrop c kìmbwn se kotsÐdec h opoÐa ja mac
egku�tai ìti apì ènan meiktì kìmbo ja prokÔptei mia meikt  kotsÐda. To akìloujo
je¸rhma mac exasfalÐzei thn Ôparxh miac tètoiac diadikasÐac.
JEWRHMA 3.2 (Je¸rhma Alexander gia ton stereì tìro) K�je prosanatolis-
mènoc meiktìc kìmboc eÐnai isotopikìc me to kleÐsimo miac meikt c kotsÐdac.
APODEIXH : Arqik� isotopoÔme ton meiktì kìmbo ìpwc sto Sq 3.3, mazeÔontac kai
glistr¸ntac to klasikì mèroc tou. 'Epeita efarmìzoume sto dexÐ mèroc thc eujeÐac l
(Sq 3.3) opoiad pote diadikasÐa metatrop c kìmbou se kotsÐda h opoÐa den ephre�zei
to tm ma thc sunist¸sac Î me prosanatolismì proc ta k�tw; ìloi oi algìrijmoi meta-
trop c kìmbou se kotsÐda èqoun aut  thn idiìthta. Tèloc exaleÐfoume to mèroc thc
sunist¸sac Î pou èqei for� proc ta ep�nw (apì ta arister� thc eujeÐac l), kìbont�c
thn s' èna tuqaÐo shmeÐo kai isotop¸ntac ta dÔo �kra thc ètsi ¸ste na prokÔyei mia
meikt  kotsÐda.

H teqnik  metatrop c meiktoÔ kìmbou se meikt  kotsÐda, pou mìlic parousi�same,
eÐnai polÔ apotelesmatik  gia thn apìdeixh tou Jewr matoc 2.1, all� den eÐnai kajìlou
bolik  algorujmik� gia thn apìdeixh enìc Jewr matoc Markov gia meiktèc kotsÐdec.
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Sq ma 3.3: DiadikasÐa isotopismoÔ meiktoÔ kìmbou se meikt  kotsÐda.

'Etsi èqei anaptuqjeÐ apì thn LampropoÔlou (blepe [Lam1]), mia diadikasÐa metat-
rop c kìmbou se kotsÐda h opoÐa eÐnai piì kat�llhlh kai sugqrìnwc h klwst  pou
antistoiqeÐ sthn sunist¸sa Î tou meiktoÔ diagr�mmatoc Î ∪ L̃ eÐnai mÐa kai monadik . O
algìrujmoc autìc af nei ta tm mata tou kìmbou pou èqoun prosanatolismì proc ta
k�tw ametakÐnhta Epiplèon h basik  kÐnhsh metatrop c enìc tìxou me prosanatolismì
proc ta p�nw se zeug�ri antÐstoiqwn klwst¸n eÐnai entel¸c jemeli¸dhc. Me autìn ton
trìpo h apìdeixh tou klasikoÔ Jewr matoc Markov aplousteÔetai arket� [LR]. Apì
thn apìdeixh aut  prokÔptei kai to akìloujo, pio isqurì apotèlesma:
JEWRHMA 3.3 (Sqetik  ekdoq  tou Jewr matoc Markov) DÔo kìmboi pou
perièqoun to Ðdio tm ma kotsÐdac (braided part) eÐnai isotopikoÐ an kai mìno an opoies-
d pote dÔo antÐstoiqec kotsÐdec pou perièqoun to Ðdio tm ma kotsÐdac, diafèroun kata
isotopÐa sto epÐpedo, suzugÐa kai kin seic Markov, oi opoÐec dèn ephre�zoun to up�rqon
tm ma kotsÐdac.
SQOLIO : Sugkekrimèna, ìloi oi meiktoÐ kìmbou perièqoun to Ðdio tm ma kotsÐdac Î.
'Etsi me ton proanaferjènta algìrujmo ìlec oi antÐstoiqec kotsÐdec perièqoun to Ðdio
komm�ti kotsÐdac I. Sunep¸c, to an�logo tou Jewr matoc Markov gia kìmbouc mèsa
ston tìro, isodunameÐ me mia eidik  perÐptwsh tou Jewr matoc 3.3. Epiplèon h gn¸sh
ìti to sÔnolo twn meikt¸n kotsÐdwn B1,n, n ∈ IN , apoteleÐ om�da, bohj�ei sto na
ekfr�soume to an�logo tou Jewr matoc Markov gia meiktoÔc kìmbouc algebrik� (kai
ìqi mìno gewmetrik� ìpwc to Je¸rhma 3.3).
Apì ta parap�nw prokÔptei to akìloujo:
JEWRHMA 3.4 (Je¸rhma Markov gia kìmbouc mèsa se stereì tìro) 'Estw
M = S3\Î ènac stereìc tìroc kai èstw L1, L2 dÔo prosanatolismènoi kìmboi ston M .
'Estw akìmh I

⋃
B1, I

⋃
B2 ∈

⋃∞
n=1 B1,n antÐstoiqec meiktèc kotsÐdec touc. Tìte o L1

eÐnai isotopikìc me ton L2 ston M an kai mìno an h I
⋃

B1 eÐnai isodÔnamh me thn I
⋃

B2

sto ⋃∞n=1 B1,n me isodunamÐa pou dhmiourgeÐtai apì tic sqèseic isotopÐac twn meikt¸n
kotsÐdwn mazÐ me tic akìloujec dÔo kin seic:
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(i) SuzugÐa: An α, β ∈ B1,n tìte α ∼ β−1αβ
(ii) Kin seic Markov: An α ∈ B1,n tìte α ∼ ασn

±1 ∈ B1,n+1.

3.3 Kataskeu  AnalloÐwtwn gia Kìmbouc mèsa s-

ton Tìro

3.3.1 MÐa AnalloÐwth Kìmbwn mèsa ston Tìro

'Opwc eÐdame sto Kef�laio 2 o epimorfismìc π :
⋃∞

n=1 CIB1,n 7→
⋃∞

n=1Hn(q, Q) pou orÐze-
tai stèlnontac to T 7→ t, σi 7→ gi (kai ètsi Ti 7→ t′i, ìpou Ti = σi . . . σ1Tσ1

−1 . . . σi
−1

kai t′i = gi . . . g1tg1
−1 . . . gi

−1), mazÐ me thn sun�rthsh Ðqnouc tr, èqei wc apotèlesma se
k�je meikt  kotsÐda thc B1,n na mporoÔme na antistoiqÐsoume mia èkfrash twn metabl-
ht¸n q, Q, z, s.
Sthn par�grafo aut  ja kinhjoÔme kata trìpo an�logo thc Paragr�fou 1.3.3. 'Et-
si, kat' antistoiqÐa parathroÔme ìti oi kin seic (i), (ii) tou Jewr matoc 3.4 moi�zoun
me tic idiìthtec 1) kai 3) tou Jewr matoc 2.1. Prokeimènou loipìn na exasfalÐsoume
analloÐwtec kìmbwn tÔpou HOMFLY PT ja prèpei kat' arq�c na kanonikopoi soume
ta gi ètsi ¸ste kai oi dÔo kin seic Markov na ephre�zoun to Ðqnoc me ton Ðdio trìpo.
'Etsi, kanonikopoioÔme ta gi se θgi , θ ∈ CI, ètsi ¸ste na èqoume:

tr(a(θgn)) = tr(a((θgn)−1)) gia a ∈ Hn(q, Q).

Tìte, gia z 6= 0 èqoume:
θ2 tr(agn) = tr(agn

−1) =
1

q
tr(agn) +

1− q

q
tr(a) ⇐⇒

θ2z tr(a) =
z + 1− q

q
tr(a) ⇐⇒ θ2 =

z + 1− q

qz
= λ .

'Etsi
tr(
√

λgi) = tr((
√

λgi)
−1

) =
√

λ z = −
√

λ
1− q

1− λq
.

T¸ra eÐnai �meso ìti an anaparast soume thn B1,n sthn Hn(q, Q) me thn πλ, ìpou
πλ(σi) =

√
λ gi ∈ Hn(q, Q) kai πλ(T ) = t ∈ Hn(q, Q) , (ìpou epÐshc uponoeÐtai ìti

πλ(Ti) = t′i ∈ Hn(q, Q)), tìte h sun�rthsh twn q, λ, Q, s pou dÐnetai apì thn sqèsh[
− 1− λq√

λ(1− q)

]n−1
tr(πλ(α)), gia α ∈ B1,n ,

exart�tai mìno apì ton meiktì kìmbo α̂ (to kleÐsimo tou α). Ac shmeiwjeÐ ìti o ìroc
(−(1−λq)/

√
λ(1−q))n−1 proèkuye apì thn apaÐthsh Ôparxhc miac sun�rthshc h opoÐa

na dÐnei thn Ðdia tim  gia tic α kai ασn ∀n ∈ IN . O epimorfismìc π, par' ìla aut�, èqei
to pleonèkthma ìti emplèkei mìno tic metablhtèc q, Q. Gia autì enswmat¸noume to √λ
ston genikì suntelest  kai orÐzoume:
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ORISMOS 3.2 H apeikìnish X
Î∪L

(q, Q, λ, s) enìc prosanatolismènou meiktoÔ kìm-
bou α̂ := Î ∪L pou anaparist� ènan prosanatolimèno kìmbo mèsa se stereì tìro M kai
orÐzetai wc:

Xα̂ = X
Î∪L

(q, Q, λ, s) =
[
− 1− λq√

λ(1− q)

]n−1
(
√

λ)e tr(π(α))

ìpou α ∈ B1,n eÐnai mia lèxh apoteloÔmenh apì σi kai t′i, e eÐnai to ekjetikì �jrisma
twn σi pou emfanÐzontai sthn α, kai π h anapar�stash thc B1,n sthn Hn(q, Q) t.w
t 7→ t, σi 7→ gi, eÐnai mia analloÐwth isotopÐac.
Pr�gmati eÐnai polÔ eÔkolo na epibebai¸sei kaneÐc ìti Xα̂ = Xα̂σn

= X ̂ασn
−1 .

SQOLIO : Ex' orismoÔ, oi meiktèc kotsÐdec T kai Ti den ephre�zoun to ekjetikì �-
jroisma e, ètsi loipìn mporoÔme na tic agno soume kata ton upologismì tou e.

3.3.2 Genikeumènec kai Kuklotomikèc AnalloÐwtec Kìmbwn mè-

sa ston Tìro

H par�grafoc aut  anaptÔsetai kata trìpo an�logo twn Paragr�fwn 1.3.3 kai 3.2.1.
'Estw loipìn π∗ o epimorfismìc pou dhmiourgeÐtai mèsw tou OrismoÔ 2.3, dhlad  π∗ :⋃∞

n=1 CIB1,n 7→
⋃∞

n=1Hn, ìpou me Hn uponooÔme Hn(q, d)   Hn(q,∞). Tìte k�je meik-
t  kotsÐda sto B1,n apeikonÐzetai mèso thc tr ◦ π∗ se mia èkfrash apì metablhtèc
q, u±1

1 , . . . , u±1
d , . . . , z, (sk), k ∈ ZZ antÐstoiqa ZZd. T¸ra kat' an�logo trìpo prokeimè-

nou na exasfalÐsoume mia analloÐwth X ston stereì tìro me qr sh thc sun�rthshc
Ðqnouc2 tr∗ tou Jewr matoc 2.4, ja prèpei na k�noume an�logec kanonikopoi seic ètsi
¸ste na èqoume

X (α̂) = X (α̂σn) = X (α̂σ−1
n ).

Ta apotelèsmata, twn kanonikopoi sewn pou prokÔptoun eÐnai ta Ðdia me aut� thc pro-
hgoÔmenhc paragr�fou, gia autìn ton lìgo kai ja krat soume touc Ðdiouc sumbolis-
moÔc.
ORISMOS 3.3 'Estw α, tr∗, π∗ ìpwc parap�nw. Tìte orÐzoume:

Xα̂ = Xα̂(q, ad−1, . . . , a0,
√

λ, s1, s2, . . .) :=
[
− 1− λq√

λ(1− q)

]n−1
(
√

λ)e tr∗(π∗(α)),

ìpou e eÐnai to ekjetikì �jroisma twn σi pou emfanÐzontai sto α kai ìpou ad−1, . . . , a0

2Qrhsimopoi same ton sumbolismì tr∗ gia na mhn up�rxei sÔgqush me thn antÐstoiqh sun�rthsh
Ðqnouc tr tou Jewr matoc 2.1.
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(blèpe L mma 2.1(viii) ) eÐnai oi antÐstoiqoi suntelestèc twn td−1, . . . , t1, t0 tou kuklo-
tomikoÔ poluwnÔmou. Tìte to Xα̂ exart�tai mìno apì thn kl�sh isotopÐac tou meiktoÔ
kìmbou α̂, o opoÐoc antiproswpeÔei ènan prosanatolismèno kìmbo ston stereì tìro.

Gia par�deigma sthn Hn(q, d) kai gia k ∈ ZZd èqoume: an α = tk, tìte Xα̂ = sk.
Parathr seic

(1) Parathr ste ìti an mporoÔme ènan kìmbo ston stereì tìro na ton kleÐsoume mèsa
se mi� trisdi�stath mp�la, autì ja eÐnai isodÔnamo me to na brÐsketai o kìmboc sthn S3.
Tìte ja up�rqei mia antÐstoiqh meikt  kotsÐda α pou den ja perièqei t′i. Apo to teleu-
taÐo sunep�getai ìti h Xα̂ ja èqei thn Ðdia tim  me to polu¸numo Jones 2-metablht¸n
(HOMFLY PT ).
(2) H sun�rthsh tr apoteleÐ eidik  perÐptwsh thc tr∗, kai kata analogÐa h analloÐwth
X

Î∪L
(q, Q, λ, s) apoteleÐ eidikeÐ perÐptwsh thc analoÐwthc Xα̂(q, ad−1, . . . , a0,

√
λ, s1, s2, . . .).

Autì faÐnetai eÔkola jètontac apl� d = 2 (me apotèlesma na up�rqei mìno h par�met-
roc s1 thn opoÐa kai ja tautÐzoume me s.

3.4 Sqèseic Skein gia AnalloÐwtec Kìmbwn mèsa

ston Tìro

'Estw t¸ra L+, L−, L0, prosanatolismènoi kìmboi oi opoÐoi èqoun tautìshma diagr�m-
mata, ektìc apì mÐa diastaÔrwsh ìpwc apeikonÐzetai sto sq ma ... .

Sq ma 3.4: Diagr�mmata meikt¸n kìmbwn pou diafèroun se sugkekrimènh diastaÔrwsh.

Tìte ìpwc eÐdame sto Kef�laio 1, Par�gragoc 1.3.3, mporeÐ na oristeÐ mia grammik 
sqèsh twn L+, L−, L0 � gnwst  wc sqèsh skein, prokeimènou na oristeÐ me epagwgikì
trìpo to polu¸numo HOMFLY PT .
'Etsi kai ed¸ parousi�zetai mia an�logh diadikasÐa gia tic peript¸seic twn an�logwn
tou poluwnÔmou HOMFLY PT [Lam1, Lam2] sto stereì tìro. DiakrÐnoume loipìn
tic dÔo akìloujec peript¸seic:
(I) Sqèseic skein me qr sh thc Hn(q, Q):
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Exet�zoume ènan meiktì kìmbo, o opoÐoc mporoÔme na upojèsoume ìti eÐnai to kleÐsi-
mo miac meikt c kotsÐdac, kai epilègoume mia diastaÔrwsh tou h opoÐa ìmwc na mhn
eÐnai meikt . Me qr sh suzugÐac eÔkola mporoÔme aut  thn diastaÔrwsh σi na thn
emfanÐsoume sto tèloc thc lèxhc thc kotsÐdac kai mporoÔme na upojèsoume (p�li me
suzugÐa) ìti L0 = α̂σi, L+ = α̂σi

2 kai L− = α̂, gia k�poio α ∈ B1,n. 'Etsi apì tic
tetragwnikèc sqèseic pou orÐzontai sthn Hn(q, Q), èqoume

tr(π(ασi
2))− q tr(π(α)) = (q − 1) tr(π(ασi)).

'Estw e to ekjetikì �jroisma tou α wc proc ta σi, tìte pollaplasi�zontac thn
prohgoÔmenh sqèsh me Λ (

√
λ)

e+1

√
q

, ìpou

Λ =
[
− 1− λq√

λ(1− q)

]n−1
,

prokÔptei
1

√
q
√

λ
Λ (
√

λ)
e+2

tr(π(ασi
2))−√q

√
λ Λ (

√
λ)

e
tr(π(α))

= (
√

q − 1
√

q
) Λ (

√
λ)

e+1
tr(π(ασi))

'Etsi, apì ton orismì tou X, brÐskoume thn sqèsh skein:
1

√
q
√

λ
XL+ −

√
q
√

λ XL− = (
√

q − 1
√

q
) XL0 (3.1)

(Apì thn prohgoÔmenh sqèsh, mazÐ me thn arqik  sunj kh X(unknot) = 1, orÐzetai
monadik� to klasikì polu¸numo HOMFLY PT ). Me parìmoio trìpo exasfalÐzoume
mia deÔterh sqèsh skein gia to meiktì di�gramma, jewr¸ntac meiktèc diastaur¸seic.
Aut  proèrqetai apì thn sqèsh

t′i
−1

=
1

Q
t′i +

1−Q

Q
· 1

wc akoloÔjwc: 'Estw M+, M−, M0 prosanatolismènoi meiktoÐ kìmboi oi opoÐoi èqoun
tautìshma diagr�mmata, ektìc apì tic perioqèc pou apeikonÐzontai sto Sq ma 3.5

Exet�zoume loipìn ènan meiktì kìmbo, o opoÐoc ìpwc èqoume proanafèrei, mporeÐ na
upotejeÐ ìti eÐnai to kleÐsimo miac meikt c kotsÐdac kai epilègoume se autìn mÐa jetik 
meikt  peristrof  (blèpe Sq ma 3.5). Parathr ste ìti qrhsimopoiìntac suzugÐa sthn
om�da B1,n mporoÔme p�nta na dhmiourg soume mÐa tètoia peristrof . 'Etsi, me suzugÐ-
a mporoÔme na upojèsoume ìti M+ = α̂ T ′i , M− = ̂α Ti

′−1 kai M0 = α̂, gia k�poio
α ∈ B1,n. 'Etsi prokÔptei ìti:

tr(π(α Ti
′−1)) =

1

Q
tr(π(α T ′i )) +

1−Q

Q
tr(π(α)) .
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Sq ma 3.5: Diagr�mmata meikt¸n kìmbwn pou diafèroun se sugkekrimènh diastaÔrwsh.

Kai an pollaplasi�soume thn prohgoÔmenh sqèsh me Λ (
√

λ)
e√

Q ja èqoume√
Q Λ (

√
λ)

e
tr(π(α Ti

′−1)) =
1√
Q

Λ (
√

λ)
e
tr(π(α T ′i )) +

1−Q√
Q

Λ (
√

λ)
e
tr(π(α)) .

'Etsi, efìson ta T ′i den all�zoun to ekjetikì �jroisma tou α, oÔte ton arijmì twn
klwst¸n, exasfalÐzoume thn akìloujh sqèsh skein:

1√
Q

XM+ −
√

QXM− = (
√

Q− 1√
Q

) XM0 (3.2)

EÔkola mporeÐ kaneÐc na dei ìti oi dÔo sqèseic skein mazÐ me tic arqikèc sunj kec
X1̂ = 1 , 1 ∈ B1,1 kai X

T̂
= s , T ∈ B1,1 (3.3)

arkoÔn gia ton upologismì tou X epagwgik� gia k�je meiktì kìmbo. All� an k�poioc
jèlei na orÐsei to X me autìn ton trìpo, ja prèpei epiplèon na apodeÐxei ìti to X eÐnai
kal� orismèno.
(II) Sqèseic skein me qr sh thc Hn(q, d) antÐstoiqa Hn(q,∞):
Me trìpo an�logo ìpwc autìn thc PerÐptwshc (I), h tetragwnik  sqèsh twn Hn(q, d)
antÐstoiqa Hn(q,∞) prokaleÐ oi analloÐwtec X na ikanopoioÔn thn grammik  sqèsh
(3.1).
Sthn perÐptwsh thc Hn(q,∞) h X den ikanopoieÐ �llh sqèsh skein.
Sthn perÐptwsh thc Hn(q, d), èstw Md, Md−1, . . . ,M0 diagr�mmata prosanatolismènwn
meikt¸n kìmbwn, tautìshmwn ektìc twn perioq¸n pou apeikonÐzontai sto Sq ma 3.6.

Me qr sh suzhgÐac mporoÔme na upojèsoume ìti Md = α̂ T ′i
d, Md−1 =

̂
α T ′i

d−1, . . . ,M0 =
α̂ gia α ∈ B1,n. Kai ètsi apì th grammikìthta tou tr:

tr(π(α T ′i
d
)) = ad−1 tr(π(α T ′i

d−1
)) + · · ·+ a0 tr(π(α)).

An t¸ra pollaplasi�soume thn teleutaÐa exÐswsh me
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Sq ma 3.6: Diagr�mmata meikt¸n kìmbwn pou diafèroun se sugkekrimènh diastaÔrwsh.

[
− 1− λq√

λ(1− q)

]n−1
(
√

λ)
e

paÐrnoume gia thn analloÐwth X thn akìloujh sqèsh skein:
X

α̂T ′
i
d

= ad−1X ̂αT ′
i
d−1

+ · · ·+ a0XM0 (3.4)

Tèloc ja parousi�soume tic arqikèc sunj kec pou eÐnai aparaÐthtec gia ton upolo-
gismì thc tim c thc X me qr sh twn sqèsewn skein (3.1) kai (3.4), gia k�je di�gramma
kìmbou mèsa ston tìro. H sunj kh

Xunknot = 1

eÐnai anamenìmenh.
Parathr¸ntac t¸ra to Sq. 3.6 blèpoume ìti qreiazìmaste kai tic arqikèc sunj kec

X
T̂ k

= sk, gia k = 1, . . . , d− 1.
To teleutaÐo apoteleÐ to deÔtero (kai teleutaÐo) sÔnolo arqik¸n sunjhk¸n. An h
X proèrqetai apì thn kuklotomik  �lebra Hecke Hn(q, d) tìte o arijmìc twn peri-
strof¸n den mporeÐ na uperbeÐ to d − 1. AntÐjeta, sthn perÐptwsh thc Hn(q,∞) o
arijmìc twn peristrof¸n den periorÐzetai.
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